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Abstract
The quasistationary quasienergy state approach (QQES) is applied to the
analysis of partial (n-photon) decay rates and angular distributions (ADs) of
photoelectrons produced by an elliptically polarized laser field. The problem
is formulated for a weakly bound electron with an energy E0 in the three-
dimensional δ-model potential (which approximates the short-range potential
of a negative ion) interacting with a strong monochromatic laser field having an
electric vector F (ωt). The results presented cover weak (perturbative), strong
(nonperturbative), and superstrong field regimes as well as a wide interval of
frequencies ω extending from the tunnelling (h¯ω  |E0|) and multiphoton
(h¯ω < |E0|) cases up to the high frequency domain (h¯ω > |E0|).
For a weak laser field, exact equations for the normalization factor and for
the Fourier coefficients of the QQES wavefunction at the origin (|r| → 0) (that
are key elements of the QQES approach for a δ-model potential) as well as for the
detachment amplitudes are analysed analytically using both standard Rayleigh–
Schro¨dinger perturbation theory (PT) in the intensity, I , of the laser field and
Brillouin–Wigner PT expansions involving the exact (complex) quasienergy .
The lowest-order perturbative results for the n-photon ADs are presented in
analytic form, and the parametrization of ADs in terms of polarization- and
angular-independent atomic parameters is discussed for the general case of
elliptical polarization. The major emphasis is on the analysis of an ellipticity
induced distortion of three-dimensional ADs and, especially, on the elliptic
dichroism (ED) effect, i.e. the dependence of the photoelectron yield in a fixed
direction n on the sign of the ellipticity (or on the helicity) of a laser field.
The dominant role of binding potential effects for a correct description of ED
and threshold effects is demonstrated, and the intimate relationship between
atomic ED factors and scattering phases of the detached electron is established
for multiphoton detachment, including the above-threshold case.
3 Present address: JILA, University of Colorado and National Institute of Standards and Technology, Boulder,
CO 80309-0440, USA.
4 On leave from: Institute for Space Sciences, Bucharest-Magurele 76900, Romania.
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For a strong laser field, we present an accurate derivation for the QQES
wavefunction and decay rates in the Keldysh approximation (KA) from exact
QQES equations, including analytical, first-order (‘rescattering’) corrections
to the KA results. The symmetries of ADs and the existence of ED are
established using the exact analytical result for the n-photon detachment
amplitude. Accurate numerical results are presented for the variation of the
structure of the ADs as well as of the ED effect with increasing laser intensity.
For the high frequency case, h¯ω > |E0|, a rigorous analytical treatment
of higher-order PT effects is presented for one-photon detachment, taking into
account corrections of higher orders in I to the well-known photodetachment
cross section for a short-range potential. Together with the exact numerical
analysis of the total and partial decay rates for h¯ω > |E0|, these results
demonstrate the existence of a quasistationary stabilization regime in the decay
of a weakly bound electron for any polarization of the laser field. Moreover, this
stabilization occurs only over a limited interval of intensity, up to the closure
of the direct photodetachment channel.
In the superstrong field regime, the total decay rate of a weakly
bound electron may be described by cycle-averaging the results for an
instantaneous static electric field of strength |F (ωt)| (for any laser frequency
and polarization). All results in this paper are presented in scaled units and are
illustrated numerically for the case of the H− negative ion.
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1. Introduction
Recent studies of laser–atom interactions have indicated a growing interest in the dependence
of multiphoton processes on the polarization state of a laser field. At present, a considerable
ellipticity dependence is well documented for a number of strong field processes (e.g. high
harmonic generation (HHG), laser-assisted collisions and ionization, including above-
threshold ionization) both for single- and multicolour laser fields. Significant differences
in the magnitude of laser–atom interactions for linearly and circularly polarized laser fields
were predicted first in 1966 for the decay of a weakly bound atomic system in the tunnelling
regime [1] (see also [2] for an extension of these results to the case of elliptical polarization).
In the multiphoton regime, the differences between multiphoton ionization cross sections were
discussed long ago on the basis of perturbative calculations (see, e.g., [3]). Also, perturbative
results in this regime for an arbitrary laser ellipticity have been discussed in [4] (for ionization)
and in [5] (for harmonic generation). In the past decade a new manifestation of polarization
effects in laser–atom processes has been discussed: dichroic effects caused by the dependence
of physical observables on the helicity of a laser field, i.e. on the sign of the degree of circular
polarization5, ξ . Moreover, in the multiphoton regime the manifestation of these effects is
possible in two different ways, either as circular dichroism (CD) (which is most pronounced
for ξ = ±1) or as elliptic dichroism (ED) (which occurs only for the case of an elliptical
polarization, with 0 < |ξ | < 1, and which is zero for |ξ | = 0, 1). In this review we present a
detailed analysis of laser detachment of a weakly bound atomic system (a negative ion) in both
perturbative and nonperturbative regimes (in the laser intensity), including a general analysis
of ED effects on the angular distribution of detached electrons and their dependence on the
laser frequency and intensity. Since studies of dichroic effects in photoprocesses involving
freely oriented (i.e. not oriented or aligned) atoms are relatively new and not commonly known,
we give below a brief survey of existing results for these effects.
1.1. Brief survey of dichroic effects in unpolarized atom photoprocesses
The difference between cross sections of a photoprocess for right (ξ = +1) and left (ξ = −1)
circular polarization of an incident photon beam, the CD effect, is a widely used tool
5 ξ is defined in (5) below. It takes values in the range −1  ξ  1, where ξ = −1, 0, +1 correspond to left
circularly, linearly and right circularly polarized light, respectively.
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to investigate the linear response of magnetic solids and chiral molecular systems to an
electromagnetic field [6]. Asymmetries in the interaction of polarized light with chiral
molecular samples have been known since Pasteur’s experiments on optical activity [7], and the
theory of the effect has been reviewed [8]. Recently, direct measurements have been performed
of CD in the photoelectron angular distributions (ADs) resulting from photoionization of free,
randomly oriented chiral molecules [9].
The CD effect is also well known in VUV and soft-x-ray photoprocesses
(e.g. photoionization) from polarized atomic targets and in photoionization experiments in
which the spin of the photoelectron is measured [8, 10]. As follows from simple symmetry
arguments, the CD for these cases (as well as for magnetic samples) is completely caused
by the existence of a time-odd pseudovector inherent to the problem being analysed, say
A (which might represent, e.g., an angular momentum for the case of a polarized atom, a
photoelectron spin for the case of atomic photoionization or a magnetization vector for the
case of a magnetic solid). In general, the existence of a CD effect means that the cross section
of a particular process involves one or more terms proportional to ξ , the circular polarization
degree. However, as may be seen from equation (5) below, ξ is proportional to (kˆ · [e × e∗]),
where kˆ is the unit vector in the direction of the (time-odd) photon wavevector k and e is the (in
general complex) photon polarization vector. One thus sees that ξ is a pseudoscalar (due to its
change of sign upon coordinate inversion). It is also time-even, since kˆ = k/k is time-odd and
also [e × e∗] is time-odd (since e and e∗ get interchanged under time inversion, i.e. e → e∗).
Moreover, the parameter ξ can initially enter a cross section only through a combination of
vectors e and e∗ (that enter the problem through the operator for the photon–atom interaction).
This combination is unique and has the form i[e×e∗] = ξ kˆ (see (5)), where ξ kˆ is a time-odd
pseudovector. Thus the fundamental object of a light beam responsible for dichroic effects is
the ‘CD vector’, ξ kˆ, which is generic to any elliptically polarized photon (i.e. having ξ = 0).
For atomic targets that are polarized (as well as for magnetic solids),a time-odd pseudovector of
the problem, A, arises naturally. It may represent, e.g., either a spin or an angular momentum.
Since all terms contributing to any cross section must be true scalars, one concludes that, for
polarized targets, the CD term arises simply as the scalar product6,
σCD = αsξ(k · A), (1)
where the dynamical factor αs is a true scalar (that may be represented, e.g., as the real part of a
product of particular components of the photoprocess amplitudes). Therefore, the existence of
CD for the cases considered above originates from an intrinsic ‘chiral’ vector of the problem,
A, that balances the time-oddness and the pseudoscalar property of the ‘CD vector’ ξk.
Dichroic effects in photoprocesses with unpolarized targets have a physical origin that
is different from those mentioned above since in this case the initial atomic system does
not involve any chiral vectors A. As a general analysis shows [11, 12], these effects originate
instead from the interference between real and imaginary(non-Hermitian or ‘dissipative’) parts
of the quantum transition amplitudes (or, alternatively, of the nonlinear susceptibilities [13]).
From a general consideration of the simplest possible form of the CD term (i.e. similar to
equation (1) for polarized targets), it is clear that in many photoprocesses involving free atoms
it is possible to construct a time-even pseudovector as the vector product [a1 × a2] of vectors
of the problem having the same temporal symmetry. Obviously these vectors ai are different
in different processes and their choice depends on the concrete problem studied (e.g. there are
the momenta of incident and scattered electrons in a bremsstrahlung process or the momenta
6 When there exist other vectors in the problem, in addition to A, additional CD terms are possible. For example,
for the case of photoionization, there appears (in addition to (1)) a CD term with the form α′sξ(k · p)(A · p), where p
is the photoelectron momentum and α′s is a true scalar coefficient [8].
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of the two escaping electrons in double photoionization of a target atom). However, the time-
odd dynamical (scalar) parameter, βs (that now replaces the time-even αs in (1)), can arise
only as the result of the interference between real and imaginary parts of some particular
components, fi , of the transition amplitudes, i.e. it may be represented as7βs ∼ Im{ fi f ∗j }.
Dichroic effects thus provide the possibility for direct experimental measurements of this
interference. One important difference between dichroic effects for polarized and unpolarized
targets is that for the former these effects exist in the total cross sections as well (as is clear
from (1), where A is a fixed vector), whereas the ‘chiral’ properties of unpolarized targets
arise from the geometry of the particular experimental measurement, i.e. they depend on the
directions of the vectors ai . Thus dichroic effects in processes involving unpolarized targets
are manifested mainly in ADs, and in most cases they vanish in angle-integrated, total cross
sections.
CD in photoprocesses involving unpolarized atomic targets was first discussed in 1992 [15]
for the case of single-photon, double photoionization of helium. The vector product, [p1 ×p2],
of the momenta of the escaping electrons is a time-even pseudovector and the time-odd scalar
parameter, βs , involves the non-Hermitian part of the transition amplitude. Thus the CD term
in the double photoionization cross section is given by an expression similar to (1), but with
the substitution of the time-even pseudovector [p1 × p2] for A and of the time-odd dynamical
factor βs for αs [12]. (This process has attracted much attention recently as it provides a very
sensitive test of the importance of electron correlations; see reviews [16, 17] on the current
status of this problem.) Somewhat later [14], CD in light scattering by unpolarized atoms
was predicted. Here the wavevectors of the incident (k1) and scattered (k2) photons form a
time-even pseudovector, k1 × k2, and thus the CD for this case occurs only by going beyond
the electric dipole approximation. It leads, in particular, to the production of a circularly
polarized component in the scattered light resulting from the scattering of linearly polarized
optical radiation by, e.g., a ground state alkali atom. The CD effects in the scattering of x- and
γ -rays by heavy atoms and in other bound–bound relativistic two-photon transitions (that also
originate from non-dipole processes) have been discussed in [18] and [19].
Besides double photoionization and photon scattering, significant CD effects are possible
in other atomic processes. In laser-assisted electron–atom collisions Fainshtein et al [20]
provide perturbative treatments of CD arising from the linear-in-laser-intensity correction to the
Rutherford formula for elastic e–H+ scattering in the presence of an (elliptically polarized) laser
field. Recent calculations of CD for e–H+ scattering in a strong circularly polarized field have
been performed in [21]. For bremsstrahlung processes, spontaneous one-photon emission has
been treated in [12] and stimulated one-photon emission has been treated in [22]. In scattering
of charged particles from oriented atomic targets (produced, e.g., via optical pumping), the CD
effect leads to the dependence of cross sections on the helicity of the laser pump beam [23].
This effect has been observed recently for scattering into the capture channel [24] as well as
in cross sections of e–2e impact ionization of atoms assisted by a circularly polarized laser
field resonant with an atomic transition [25, 26]. New aspects of the CD effect appear in the
presence of a static electric field (in addition to a laser field), which induces an anisotropy in an
initially isotropic atomic medium. At present such anisotropy-induced CD was investigated in
two-photon transitions between atomic levels with opposite parities (with a DC-field-induced
resonance) [27], in the total photoelectron yield from a combined two-photon plus second
harmonic (one-photon) ionization of alkali atoms [28], in nonresonant dipole-allowed light
scattering [29] and in (dipole-forbidden) resonant three-photon scattering by ground state
atoms [30].
7 In particular, the width r of an intermediate resonant level may serve as the parameter βs [14].
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It is not so widely known that in multiphoton processes involving two or more identical
laser photons, a new type of dichroic effect is possible that vanishes for the case of completely
circular or linear polarization and that exists only for ‘intermediate’ ellipticity, 0 < |ξ | < 1. As
was discussed by Manakov [11], these effects have the same interference origin as CD effects.
To distinguish them from CD, which is maximum at 100% circular polarization, the term ED
was introduced [13, 31] for those polarization effects that are proportional to the product, lξ ,
of the linear (l) and circular (ξ) polarization degrees of a laser beam. In principle, under
suitable conditions (e.g. non-Hermiticity of a transition amplitude, a specialized geometry of
fields, etc), a more or less considerable ED effect is possible in a majority of single-colour and
multicolour multiphoton processes. Note that in the multicolour case the CD effect (which
is non-vanishing only for ξ = ±1) may be possible in parallel with the ED effect, although
the two effects are described by different sets of atomic parameters and may be measured
independently, thereby providing different information on the atomic states involved. Such
a situation has been analysed for three-photon (dipole-allowed) transitions between bound
atomic states [31]; it may also be realized in the ionization of atoms in the presence of a strong
laser field and one of its higher harmonics [32] (see also [33]), as well as in standard two-colour
frequency mixing in gas samples [34].
Measurements of light helicity-dependent interference effects, such as ED, provide
effective tools for polarization control, on the one hand, and for distinguishing between
different theoretical models, on the other hand, in fundamental intense laser–atom processes,
such as, e.g., ionization, HHG and laser-assisted collisions. Note that in the latter process
the ED effect is possible only when there is an exchange of two or more photons (e.g. as
in stimulated emission or absorption) while in elastic scattering and single-photon scattering
only the CD effect takes place. All dichroism effects vanish in the Born (or the Born–Volkov)
approximation, when only the momentum transfer, pi –p f , of a projectile enters the result
for the cross section [20, 22]. (For this reason the CD effect was not obtained in a recent
analysis [35] of e–H scattering in a strong circularly polarized field; it appears only in the
presence of an additional, linearly polarized laser beam [36].) In single-colour HHG the
ED effect is observable only in measurements that determine the polarization state of the
harmonics (e.g. by measuring the intensity of the linearly polarized component of the nth
harmonic produced by an elliptically polarized pump field [13]). In contrast, the presence of
a static or low-intensity, low frequency laser field in addition to a strong fundamental laser
beam results in a significant ED effect in the total harmonic yield [37]. Other recent results on
polarization effects in HHG can be found in a review [38].
The first analysis of the ionization of atoms by an elliptically polarized field was performed
in 1966 [2] (and has been reviewed recently in [39] with an extension to the case of over-barrier
ionization). In this analysis the well-known Keldysh results [1] for linear and circular laser
polarizations were generalized for the case of a general elliptic polarization. The ellipticity-
induced distortion of ADs in the tunnelling regime (by an intense, low frequency field) has
been analysed in more detail in [40, 41]. These latter calculations demonstrate considerable
ellipticity effects in certain situations (in particular, the stretching of ADs along the minor
axis of the polarization ellipse of a laser field). The first experimental measurement of atomic
ionization by a strong elliptically polarized field was performed in 1988 by Bashkansky et al
[42]. Recently, the significant ellipticity dependence of ADs for individual ATI electron
peaks was measured for both low- [43] and high-energy [44] parts of above-threshold
photoelectron spectra. These effects are explained by the interference of tunnelling electron
trajectories, taking into account rescattering effects [43–46]8.
8 Although the interference exists also for linear polarization, it is most clearly exhibited for nonzero ellipticity.
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The sensitivity of the ADs to the sign of the ellipticity, i.e. the ED effect, was observed first
in the experiment of Bashkansky et al [42] on the multiphoton ionization of rare gases by an
elliptically polarized field: the observed reduction of the symmetry of the ADs in the plane of
the elliptic laser polarization (as compared to the cases of linear and circular polarizations) is
the result of nonzero ED terms in the angular distribution cross sections. This asymmetry has
attracted much interest because it cannot be explained within the framework of the approximate
Keldysh-like theories (e.g. such as the strong field approximation (SFA)) and requires a more
detailed account of the binding potential. Indeed, such more detailed analyses [47, 48] predict
the observed two-fold symmetry of the ADs (instead of a four-fold one, as in the case of linear
polarization). The general treatment of the ED effect in three-dimensional photoelectron ADs
for two-photon ionization of atoms and rather extensive numerical results for the hydrogen
|nl〉 states with n  10 can be found in [49] (see also [32, 50] on dichroic effects in two-
colour, two- and three-photon ionization processes). The analysis of the AD asymmetry in
the SFA with inclusion of Coulomb effects is presented in [51]. The entire three-dimensional
AD in two-photon ionization by an elliptically polarized field has been measured first in a
recent experiment [52] for the rubidium atom. These results exhibit a clear ED asymmetry.
Although this experiment was performed for a fixed sign of the laser ellipticity and the authors
do not discuss the ED effect as such, they emphasize the efficiency of measurements using an
elliptically polarized field for the extraction of information on the radial ionization amplitudes
and scattering phases.
As shown by the above brief review, the use of laser fields with an elliptical polarization
adds a new dimension to the analysis of multiphoton interactions. The study of ellipticity-
(and, especially, helicity-) dependent effects provides new information on atomic processes
that is inaccessible in measurements employing purely linear or circular polarizations. In
addition, the high sensitivity of the dichroic parameters to the interaction of a bound electron
with the laser field and to the binding potential provides a sensitive means (because it depends
on quantum interference phenomena) for distinguishing between different theoretical models
in strong laser–atom physics.
1.2. Status of multiphoton detachment of negative ions
The number of existing experimental results on multiphoton detachment of negative ions
is significantly fewer than that for atoms, even though the first experimental measurements
(for two-photon detachment of the I− ion) were performed in 1965 [53], simultaneously
with the first observations of multiphoton ionization of atomic and molecular samples [54].
Experimental interest in negative ions burgeoned only at the end of the 1980s, when a number
of measurements (mostly, for negative halide ions) were performed in the perturbative laser
intensity regime: in 1987 Trainham et al [55] measured the two-photon detachment cross
section for Cl−, and beginning in 1989, a number of other groups carried out measurements
of two- and three-photon cross sections for other ions [56–60]. In 1990, Blondel et al [61]
measured the first multiphoton detachment ADs (for two- and three-photon detachment of
Br−). Subsequently, they presented extensive results for all negative halide ions [62]. In 1991,
the first measurements of above-threshold (excess-photon) detachment (ATD) with observation
of about two excess photons were performed for F− [63], Au− [64] and Cl− [65] using Nd:YAG
lasers with intensities greater than 1012 W cm−2.
The observation of a multiphoton regime in laser detachment of H− requires the use of
longer wavelength laser sources than the Nd:YAG laser. The first observations were reported
in [59] and studied in more detail in [66] for photon energies from 0.15 to 0.39 eV and
laser intensities from 2 to 12 GW cm−2. In particular, characteristic threshold structures and
intensity-dependent (ponderomotive)shifts of the detachment threshold energy were observed.
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An absorption of excess photons in ATD of H− with Nd:YAG light was observed by Zhao et al
[67]: two-photon absorption was measured (with little evidence of three-photon absorption)
on top of the background of the open one-photon detachment channel. In more recent
experiments [68, 69], the two-photon detachment of H− was measured near the threshold of
the one-photon channel (where the latter is suppressed in view of the Wigner threshold law [70]
(see (B.25) below). However, evidence of ATD spectra similar in clarity to ATI spectra typical
for atoms at low intensities have been demonstrated only in a very recent experiment [71] in
which at least three ATD channels for H− have been observed using a short infrared pulse of
2.15 µm wavelength (for which the lowest detachment channel is the two-photon one).
All of the experimental studies discussed above were performed using linearly polarized
light. At first sight, this case seems to be the most interesting one since, e.g., for the case of
circularly polarized light, the interference of intermediate and final channels having different
angular momenta l for the escaping electron vanishes owing to dipole selection rules; the
angular momentum of the detached electron after absorption of n circularly polarized photons
is l = n (for an initial s-electron). Thus, the detachment cross sections are less sensitive to
details of the binding potential. For low photoelectron energies, this fact is especially important
for negative ions because the scattering phases, δl , for a short-range potential decrease sharply
with increasing l and, in view of the Wigner threshold law, multiphoton cross sections for the
case of circular polarization may be expected to be suppressed. However, as was discussed in
section 1.1, the use of an elliptical polarization allows one to obtain new information on the
atomic binding potential which in principle cannot be extracted from experiments with purely
linear (or purely circular) polarization. The CD effect in multiphoton detachment was observed
by Sturrus et al [72] in two-colour, two-photon detachment of Cl− using a combination of two
counterpropagating laser pulses (in the near-infrared (Nd:YAG) and in the VUV) having either
the same or opposite circular polarizations. The relative difference of the two cross sections for
the two measurements (i.e. changing ξir = +1 to −1 for the infrared photon) is 8.5%, with high
accuracy. Obviously, this CD effect is similar to that for chiral systems, since the vector ξvuvkvuv
stands here for the chiral vector A in equation (1). Blondel and Delsart [73] performed the first
measurements with elliptically polarized light (using the second harmonic of the Nd:YAG laser
to analyse the ADs for two-photon detachment of I− and F−) and emphasized its necessity for
performing a ‘complete’ multiphoton detachment experiment in the perturbative regime [74].
A general perturbative analysis of ellipticity effects and in particular the ED asymmetry in the
two-dimensional AD (namely, in the plane orthogonal to the direction of the laser beam) for the
case of n-photon detachment of negative halide ions was given in [75]. Extensive experimental
data for the orthogonal plane geometry have been presented in [76] for three- and four-photon
detachment of I−, Cl− and F− by a Nd:YAG laser (although the measured ED asymmetry is
not so significant for halide ions). Reference [77] presents perturbative calculations of the ED
asymmetry in the photoelectron ADs for two- and three-photon, above-threshold detachment
of the H− ion. These calculations have been performed for an orthogonal plane geometry.
They demonstrate a significant variation of the degree of asymmetry with respect to both
the ellipticity parameter and the laser frequency. Recently, a nonperturbative analysis of
ellipticity-induced distortion of ADs and ED parameters together with numerical results for
ATD of H− (modelled by a zero-range potential) have been presented for n = 2–5 in [78].
Significant modifications of the three-dimensional ADs as well as sharp variations of the ED
parameters near the ATD thresholds were predicted [78]. However, at the present time no
experiments for multiphoton detachment of H− using elliptically polarized photons have yet
been performed.
Regarding the various theoretical approaches and numerical methods for calculation of
multiphoton detachment rates and ADs, we mention first that, beginning from the pioneering
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calculation of two-photon detachment from negative ions in 1967 [79], simple, short-range
potential models were used in many studies of two- and three-photon detachment of H− (see,
e.g., [80–86]), and also for n > 3 [85, 86]. In these works a ‘reduced’ δ-model potential
was used, in which the scattering phase in the s-wave part of the continuum wavefunctions
was neglected. It was quickly noted that neglect of continuum phase shifts, particularly the s-
wave phase shift, was a significant source of error, particularly for the n = 2 detachment
cross section [87, 88]. Meanwhile, since the mid-1980s there have been an increasing
number of more elaborate theoretical treatments of multiphoton detachment for both H− and
heavier negative ions that include, to varying degrees, the effects of electron correlations, both
perturbatively and nonperturbatively [87–121]. Nevertheless, at least for the well-studied H−
negative ion, a general conclusion is that use of the zero-range potential model, including
at least the s-wave continuum phase shifts, is sufficient to obtain quantitative agreement
with results of the most elaborate theoretical approaches [87, 88, 105, 117]. At present, for
accurate predictions of multiphoton detachment cross sections different numerically intensive
ab initio methods are used, such as the R-matrix Floquet approach [108, 109, 112, 116, 118],
various forms of B-spline methods [77, 105, 107, 113] (these methods have been reviewed
recently in [120]) and the direct solution of the time-dependent Schro¨dinger equation for laser
pulse fields [119]. The most detailed results for partial n-photon detachment rates of H−,
including results for both weak and strong fields, have been obtained recently by Nicolaides
et al [122, 123] using a many-electron version of the Floquet approach. Nonperturbative
results for ADs in multiphoton detachment of H− for three laser wavelengths, λ = 10.6, 1.908
and 1.064 µm can be found in [124–126]. (These authors used the Floquet approach and a
pseudospectral method for the discretization of the Floquet Hamiltonian, in conjunction with
a parametrized one-electron model potential [102].)
Despite the many theoretical studies for multiphoton detachment, only the simplest
cases of linear and/or circular polarizations of the laser field have been examined in the
many papers cited above (with the exception of the perturbative treatment of [77] for H−)9.
The generalization of numerically intensive methods to the case of an arbitrary (elliptical)
polarization is not straightforward and leads to much more tedious calculations owing to the
larger number of dimensions that must be treated and to the consequent need for extended
sets of basis functions, inclusion of higher angular momentum states, etc. Furthermore, in
practice, direct numerical analysis may be performed, of course, only for limited sets of field
parameters (i.e. frequency, intensity and ellipticity). For these reasons, it would be useful to
have a general understanding of the global dependence of multiphoton detachment ADs on
these parameters based on simple analytical models. One possibility is to use the Keldysh
approach results [1], which are most appropriate for weakly bound systems (although only
for small frequencies, h¯ω  |E0|, where |E0| is the binding energy). Indeed, following [1],
Gribakin and Kuchiev [128] performed a broad and detailed analysis of multiphoton rates and
ADs within the adiabatic approach (for its generalization to bichromatic fields, see [129]).
Their predictions are in reasonable agreement with experimental results for two- and three-
photon detachment from negative halide (and some other) ions (see [128, 130]) and also in
good agreement with a recent experiment for H− [71]. However, this development of the
Keldysh approach was performed only for the case of linear polarization. Furthermore, for a
strong field its accuracy is unclear since, in general, the adiabatic approach is valid only for
weak (although nonperturbative) fields, in which the laser field amplitude F is small compared
to the typical ‘internal field’, F0 ∼
√
m|E0|3/|e|h¯.
9 For a δ-model potential, the analytical perturbative analysis of ellipticity effects was performed for one- and two-
photon partial rates [81, 127] and for the two-photon AD including the ED effect [49].
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Another possibility to reveal the general features of multiphoton detachment in a strong
laser field is to model the short-range potential of the outer (weakly bound) electron of
a negative ion by a zero-range (δ-model) potential. The δ-model potential allows one to
obtain an exact solution for the case of a strong laser field having an arbitrary (elliptical)
polarization. The results of this model may be presented in a simple analytical form that is
convenient for a detailed analysis of the frequency,polarization and laser intensity dependences
of multiphoton ADs, including for the case of detachment with absorption of excess photons.
In particular, such results may provide a theoretical justification for the extension of existing
experiments on multiphoton detachment for linearly polarized laser fields to the case of
elliptical polarization. Despite its simplicity, the δ-model potential gives a reasonably accurate
description of photodetachment of negative ions having a ground state outer electron in an s-
state, such as, e.g., H− (for photoelectron energies below the H (n = 2) excitation threshold).
Moreover, this model potential has already been used successfully to analyse a number of
important questions in strong field theories of laser–atom interactions. As examples, we
note that, based upon this model, the first nonperturbative calculation employing the complex
quasienergy (or non-Hermitian Floquet) approach was performed [131]; the initial results of
the adiabatic Keldysh approach [1, 2] were shown to be limiting cases of ab initio results for
the imaginary part of the complex quasienergy for this model in a strong elliptically polarized
field [127]; the existence of a ‘plateau’ in HHG and ATI spectra was confirmed by quantitative
results for the δ-model potential [132, 133] and, very recently, the exact solution for this model
has been used in the analysis of the quasistationary stabilization (QS) problem for a short-range
potential [134], for the quantum interpretation of resonance-like structures experimentally
observed in high energy ATI [135] and HHG [136] spectra and for the prediction of plateau
effects in laser-assisted electron–atom scattering [137].
1.3. Outline of this review
In this review we formulate a general approach for the analysis of ADs in a strong elliptically
polarized field and present both perturbative and nonperturbative treatments of ED effects
in three-dimensional ADs for the case of n-photon detachment of an electron bound in a
short-range (δ-model) potential. The main advantage of this treatment is that, for this model
problem, an accurate (ab initio) quasistationary quasienergy states (QQES) formulation for a
strong laser field may be formulated. It permits simple analytical results for the perturbative
regime and exact numerical results for the strong field limit which together allow one to analyse
various qualitative aspects of the frequency and polarization dependences of multiphoton cross
sections for a weakly bound electron. Besides analysing general features of the ADs of detached
electrons produced by a laser field having photon energy h¯ω smaller than the (unperturbed)
binding energy, |E0|, the second question we address in this review is the intensity and
polarization dependence of both total and differential rates of photodetachment in the high
frequency limit, h¯ω > |E0|, when the ordinary photoeffect takes place at low intensities. This
question is closely related to the widely discussed problem of adiabatic (or quasistationary)
stabilization of atomic decay rates in the presence of a strong high frequency field. In contrast
to the atomic case, where typical laser frequencies (with h¯ω ∼ 1 eV) are much less than
ionization potentials, i.e. they correspond to the low frequency limit, h¯ω  |E0|, for negative
ions they are of the order of (or even exceed) |E0|, as for H−, where |E0| = 0.7542 eV. For
this reason, our analysis here focuses on perturbative and strong field results for n-photon
detachment with n < 10, including the high frequency domain. We do not analyse here the
strong field, low frequency limit (in which, for neutral targets, the high energy plateau in the
ATI spectrum occurs), because for negative ions this regime is not of current experimental
interest.
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This review is organized as follows. In section 2 we review the theory upon which our
analysis of multiphoton detachment is based. We first present our notations and the basic
definitions of the QQES approach. We then survey our prior QQES results for an electron in a
three-dimensional δ-model potential subjected to a strong monochromatic laser field having an
elliptical polarization. The basic equations for the QQES wavefunction, (r, t), and for the
complex quasienergy, , corresponding to an initial bound state electron having the energy E0
are presented in section 2.3. These results are necessary for an accurate derivation of the general
equations (presented in section 2.4) for the differential rates of multiphoton detachment, taking
exact account of both strong laser field and binding potential effects. Finally, in sections 2.5
and 2.6 we perform an analytical analysis of two important limiting cases:
(i) in section 2.5 we show how both the wavefunctions and the differential rates of the Keldysh
approach follow as limiting cases of our exact QQES results;
(ii) in section 2.6 we present perturbative (in the laser intensity, I ) expansions for the n-photon
detachment amplitude and the corresponding differential rates.
Both Rayleigh–Schro¨dinger (RS) and Brillouin–Wigner (BW) expansions are analysed. The
latter involves the exact complex quasienergy  and thus is applicable for higher intensities,
far beyond the radius of convergence for the RS perturbation theory (PT) results. We present
analytical results for the differential rates of n-photon detachment in the lowest order of PT
(LOPT), including explicit results for n = 2–5 and a short discussion of the BW expansion
for n = 2. Also, threshold effects in the PT regime are discussed briefly.
Sections 3–6 present detailed analyses of laser ellipticity and ED effects for multiphoton
ADs and decay rates in various intervals of laser frequencies and intensities. In section 3 the
LOPT results of section 2.6 are analysed in more detail: the general analysis of n-photon,
three-dimensional ADs for an elliptical polarization is presented (section 3.1), the magnitude
and general properties of ED effects in ADs are discussed (section 3.2) and the good agreement
of our numerical results with results of both recent experiments and other calculations for H−
is demonstrated. In section 4, after a brief discussion of general symmetry properties of ADs
in a strong elliptically polarized field, we present the results of nonperturbative, strong field
calculations for both partial (n-photon) and total (summed over n) ADs, including results for
the frequency and intensity dependences of ED parameters. New features of the ADs and the
ED effect specific to the nonperturbative regime are discussed.
In section 5, photodetachment in a high frequency field, h¯ω > |E0|, is analysed. Its
dependence on ω and on the laser polarization is discussed for a wide interval of intensities,
from the LOPT regime up to the strong field limit. More specifically, section 5.1 presents
analytical results for the electron AD resulting from one-photon detachment, taking into
account intensity corrections of orders I and I 2 (in both RS and BW versions of PT) together
with a discussion of the onset of stabilization-like behaviour. Numerical results for stronger
fields, where above-threshold, n-photon channels contribute and the QS regime is realized,
are discussed in sections 5.2 and 5.3. Finally, in section 6 we present analytical estimates
and numerical results for the total decay rate in superstrong fields, when several lowest-
order detachment channels are closed; we demonstrate that (for any frequency) the results
become similar to those for decay in a strong static electric field. In section 7, we present our
conclusions.
A number of mathematical details of the QQES theory, upon which our analyses are
based, are presented in the appendices for interested readers. In appendix A we discuss
the normalization of the QQES wavefunction (r, t), which is divergent for r → ∞. In
appendix B we give a detailed analysis of the Fourier coefficients of (r, t) at the origin
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(i.e. r → 0). In appendix C we derive the n-photon detachment amplitude from the exact
QQES wavefunction.
Note that the Fourier coefficients analysed in appendix B are key elements of the QQES
approach for a δ-model potential, and in particular for the ADs and partial rates of n-photon
detachment. They contain complete information on the points of non-analyticity of the
detachment amplitude as a function of the laser field amplitude and frequency. Consequently,
they play an essential role for a correct description and proper physical interpretation of
polarization and threshold effects in ADs for multiphoton detachment. In appendices B.1
and B.2 we present both BW and RS perturbative expansions (in the laser intensity) of the exact
results for the normalization factor, for the Fourier coefficients of the QQES wavefunction at
the origin and for the quasienergy , all of which are necessary ingredients for accurate BW
and RS PT analyses of ADs. The details of numerical calculations in the strong field regime,
characteristic plateau features in the strong field behaviour of the Fourier coefficients and their
strong field ‘rescattering approximations’ are discussed in appendices B.3 and B.4.
2. Basic results of the QQES approach for the δ-model potential and general equations
for multiphoton detachment rates
2.1. Definitions and scaled units
We use the velocity gauge for the dipole interaction of an electron in the atomic potential U(r)
with a monochromatic laser field (though all our final results are gauge-invariant):
V (r, t) = |e|
mc
pˆ · A(t) + e
2
2mc2
A2(t), (2)
where
F (ωt) = −1
c
∂
∂ t
A(t) = F Re(e e−iωt ), (3)
is the electric vector and e is the unit (complex) polarization vector, e ·e∗ = 1. For the general
case of an elliptic polarization, we use the following invariant parametrization of e:
e = ˆ + iη[kˆ × ˆ]√
1 + η2
, −1  η  1 (4)
where η is the ellipticity and ˆ and kˆ are the unit vectors in the directions of the major axis
of the polarization ellipse and the wavevector of the laser field, k, respectively. Instead of the
ellipticity, for the description of the polarization state of a laser it is often convenient to use
the degrees of linear (l) and circular (ξ) polarizations (see, e.g., [138])
l = e · e = 1 − η
2
1 + η2
, ξ = i(kˆ · [e × e∗]) = 2η
1 + η2
, (5)
which appear naturally in the theory (see below). Note that l2 + ξ2 = 1 for a completely
polarized laser field. For the analysis of ADs it is convenient to use the geometry presented
in figure 1, where α is the angle between the unit vector n in the direction of the escaping
electron and ˆ (the major axis of the polarization ellipse) and β is the angle between n and
[kˆ × ˆ] (the minor axis). θ is the polar angle of the vector n in the coordinate frame having
the z axis along kˆ and the x axis along ˆ. (The corresponding azimuthal angle of the vector n
is ϕ.) In the chosen geometry we have
|e · n|2 = 12 sin2 θ(1 + l cos 2ϕ) = 14 sin2 θ
∣∣√1 + ξeiϕ + √1 − ξe−iϕ∣∣2, (6)
(e · n)2 = 12 sin2 θ(l + cos 2ϕ + iξ sin 2ϕ) = 14 sin2 θ
(√
1 + ξeiϕ +
√
1 − ξe−iϕ
)2
. (7)
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Figure 1. Geometry of a laser field (propagating along kˆ and having the major axis of its polarization
ellipse along ˆ) and the momentum direction, n, of a detached electron.
To describe a weakly bound electron we employ the δ-model potential [139]:
U(r) = 2π h¯
2
mκ
δ(r)
∂
∂r
r, (8)
with the binding energy E0 = −h¯2κ2/2m, and the bound-state wavefunction
ψ0(r) = N e
−κr
r
, (9)
where N = √κ/2π . In order to present our results in the most general form, it is convenient
to use scaled units based on the single parameter κ of the model potential (8): the length unit is
1/κ ; the energy and the frequency are measured in units of |E0| and |E0|/h¯; the field amplitude
F is measured in units of the ‘internal field’, F0 =
√
2m|E0|3/|e|h¯ and the corresponding scaled
unit of the intensity, I = cF2/8π , is I0 = cF20 /8π . As an example, for H − (κ = 0.2356 au)
we have F H −0 = 3.362×107 V cm−1 and I H −0 = 1.498×1012 W cm−2. Thus, in scaled units,
we have I = F2. The cross section, σ , in our units (κ−2) is connected with that in atomic
units (au), σ (au), by the relation: σ (au) = σ(Eau/2|E0|), where Eau = me4/h¯2.
We employ in this paper the standard normalization constant N = √κ/2π for the initial
bound state (9), which is self-consistent for the (one-parameter) δ-potential model. However,
it is well known that for real negative ions more exact results may be obtained using, instead
of N , a corrected normalization constant, Nc, which may be obtained, e.g., by analysing the
asymptotic behaviour of the wavefunction for large r (cf [29, 128, 140] for details). For this
case, our results for the photodetachment cross sections, σ (n), and/or probabilities should be
multiplied by the renormalization factor Ac = 2π N2c /κ . For H− the factor Ac has the value
2.6551. Thus, e.g.,
σ (n),H
− = Acσ (n). (10)
2.2. Background results of the QQES approach for a strong laser field
The simplest way to analyse the laser-field-induced exponential (in time) decay of a bound
level in the atomic potential U(r) is by use of the QQES approach (see, e.g., [141]), which is
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similar to the well-known quasistationary (or resonance) states approach for radiationless
atomic problems with time-independent Hamiltonians. In calculations of the decay rate
(e.g. ionization or detachment) of a quantum system subjected to a (periodic in time) strong
external perturbation, this method allows one to reduce the direct solution of the initial value
(Cauchy) problem for the time-dependent Schro¨dinger equation to a much simpler eigenvalue
problem for the complex quasienergy, . In the QQES approach the wavefunction of an initial
bound state, ψn(r) exp(iEnt), in the presence of an (adiabatically turned on) strong laser
field (3) has the quasienergy form
n(r, t) = e−in tn (r, t), (11)
with the periodic QQES wavefunction, n (r, t) = n (r, t + 2π/ω), and the complex
quasienergy
n = Re n − in2 . (12)
The quantities Re n − En and n determine the Stark shift and the total decay rate of an
initial bound state with the energy En . n and n (r, t) satisfy the ‘stationary’ Schro¨dinger
equation,Hn = nn , with the Hamiltonian,H = −∇2 + U(r) + V (r, t)− i∂/∂ t and with
the complex boundary condition at r → ∞ (cf [142]).
For a strong laser field, various forms of eigenvalue equations for the complex quasienergy
may be used [143]. In particular,  and (r, t) may be obtained as the solution of the integral
eigenvalue problem
(r, t) =
∫
dt ′
∫
dr′ ei(t−t ′)G(+)(r, t, r′, t ′)U(r′)(r′, t ′), (13)
where G(+)(r, t, r′, t ′) (or G(−)(r, t, r′, t ′)) is the retarded (or advanced) Green function of a
free electron in the potential (2). Note that the integral over t ′ in (13) is formally divergent
for Im  < 0; it is to be understood as the analytic continuation from the upper half-plane of
complex , where Im  > 0. The Green functions G(±) may be presented in the well-known
Feynman form (in scaled units):
G(±)(r, t, r′, t ′) = ∓ i[±(t − t
′)]
[4π i(t − t ′)]3/2 e
iScl(r,t,r′,t ′), (14)
where (x) is the Heaviside function, and Scl is the classical action:
Scl(r, t, r′, t ′) = (r − r
′)2
4(t − t ′) −
(r − r′)
ω2(t − t ′) · (F (ωt) − F (ωt
′)) + Scl(t, t ′), (15)
where
Scl(t, t ′) ≡ Scl(r = 0, t, r′ = 0, t ′) = −u p
ω
[
ω(t − t ′)
(
1 − 4 sin
2(ω(t − t ′)/2)
(ω(t − t ′))2
)
− l cosω(t + t ′)
(
sin ω(t − t ′) − 4 sin
2(ω(t − t ′)/2)
ω(t − t ′)
)]
. (16)
Here the parameter u p is the ratio of the quiver energy of an electron in a laser field (the
‘ponderomotive shift’, Up) to the binding energy |E0|, i.e. the scaled Up shift; it is related to
the well-known Keldysh parameter, γ = ω/F , of strong field theories as:
u p = F
2
2ω2
= (2γ 2)−1
(
= e
2 F2abs
4mωabs 2|E0| =
Up
|E0| in absolute units
)
. (17)
As for the case of quasistationary (or resonance) states in radiationless atomic problems,
the QQES wavefunctions are non-normalizable by standard procedures because of their
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asymptotically divergent terms in r (in open ionization channels). The proper normalization is
achieved by introducing the ‘dual functions’, ˜(r, t), which provide the proper normalization
of  in accordance with the relation
〈〈˜(r, t)|(r, t)〉〉 = 1T
∫ T
0
dt
∫
dr ˜(r, t)∗(r, t) = 1. (18)
As discussed in [29, 144], the dual function is defined as follows:
˜(r, t) = [(r,−t)]∗ξ→−ξ . (19)
Thus, the function 〈˜ | ≡ ˜∗ = (r,−t; −ξ) may be considered as a ‘bra-analogue’ of
|〉 ≡ (r, t; ξ) and it should be used (instead of 〈 |) in calculations of the normalization
factor and, therefore, of matrix elements of operators acting on (r, t).
2.3. Basic equations for the QQES solution for a δ-model potential
The direct numerical solution of the eigenvalue integral equation (13) for a real atomic potential
U(r) is not a simple problem (though it is possible—see, e.g., [91]). However, this equation
simplifies drastically for the δ-model potential, taking into account the known behaviour at the
origin for a solution of the Schro¨dinger equation involving this short-range potential [139]:
(r, t)|r→0 =
(
1
r
− 1
)
f(t). (20)
The QQES result for this case may be presented in the following form [127]:
(r, t) = −4π
∫ ∞
0
eiτ G(+)(r, t, 0, t − τ ) f(t − τ ) dτ, (21)
where  is the eigenvalue of the one-dimensional integral equation for the periodic in time
function f(t)
(
√
E − 1) f(t) = (4π i)−1/2
∫ ∞
0
dτ
τ 3/2
e−iEτ { f(t − τ )eiu pτ+iScl (τ,t−τ) − f(t)}, (22)
where E = u p −  and Scl(t, t ′) is defined by (16). Obviously, f(t) is determined only by
the S-wave part of (r, t) at the origin, and it tends to N = 1/
√
2π (see (9)) at F → 0.
In view of the selection rules for dipole transitions, the Fourier expansion of f(t) involves
only harmonics of the same parity, as is evident from the explicit form of Scl(t, t − τ ) in (16).
Moreover, analysis of equation (16) shows that (for not too smallω) it is convenient to introduce
a new function, φ(t), instead of f(t):
f(t) =
∑
n
fne−2inωt = exp
[
i
lu p
2ω
sin 2ωt
]
φ(t) = exp
[
i
lu p
2ω
sin 2ωt
]∑
k
φke
−2ikωt . (23)
In fact, this substitution is equivalent to the unitary transformation of the Schro¨dinger equation
that removes the periodic in time part of the term ∝A2(t) in the photon–atom interaction (2).
Obviously, the Fourier coefficients of f(t), fn , and the φn coefficients are related in general
by simple transformations:
fn =
∞∑
k=−∞
Jk−n
(
lu p
2ω
)
φk, φk =
∞∑
n=−∞
Jk−n
(
lu p
2ω
)
fn . (24)
The final eigenvalue equation for  and φ(t) is [127]
(
√
E − 1)φ(t) = (4π i)−1/2
∫ ∞
0
dτ
τ 3/2
e−iEτ {φ(t − τ )eiz(τ )[1−l cos(ω(2t−τ))] − φ(t)}, (25)
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where
z(τ ) = 4u p
ω
sin2 ωτ/2
ωτ
. (26)
Equation (25) is equivalent to an infinite system of linear homogeneous equations for the
Fourier coefficients φn:
(
√
E − 2nω − 1)φn =
∞∑
n′=−∞
Mn,n′(E)φn′, (27)
and a transcendental equation (the Fredholm determinant) for the complex quasienergy:
det
∥∥(√E − 2nω − 1)δn,n′ − Mn,n′(E)∥∥ = 0, (28)
with the boundary condition  = E0 = −1 at F = 0. The matrix elements Mn,n′ are integrals
of Bessel functions Jm(x):
Mn,n′ (E) = i
n−n′
√
4π i
∫ ∞
0
dτ
τ 3/2
e−i(E−(n+n
′)ω)τ [eiz(τ ) Jn′−n(l z(τ )) − δn,n′]. (29)
In actual calculations only the matrix elements M0,n(E − 2kω) with n  0 are necessary in
view of the symmetry relations obvious from (29):
Mn,n′(E, ω) = Mn′,n(E, ω) = M−n,−n′ (E,−ω) = Mn+k,n′+k(E + 2kω,ω). (30)
For both perturbative and nonperturbative calculations of the complex quasienergy for not too
strong fields, the ‘BW series’ for  [127] may be useful:
√
E − 1 = M0,0(E) +
∑
n =0
M0,n(E)Mn,0(E)√
E − 2nω − 1 − Mn,n(E)
+
∑
n =0
∑
m =0,m =n
× M0,n(E)Mn,m(E)Mm,0(E)
(
√
E − 2nω − 1 − Mn,n(E))(
√
E − 2mω − 1 − Mm,m(E))
+ · · · , (31)
which is obtained by an iterative solution of the linear equation (27). Equation (31) is equivalent
to the exact equation (28) for .
Obviously, the total decay rate,  = −2 Im , is independent of an explicit form of the
QQES (r, t). On the contrary, for calculations of partial n-photon rates and for the ADs
of detached electrons (as well as for other applications of the QQES approach) the properly
normalized function (r, t) is necessary (see, e.g., [144]). For the δ-model potential, the
normalization of the QQES (21) according to the relation (18) is described in appendix A. For
practical implementations of the (normalized) QQES solution (21) for the δ-model potential
it is first necessary to calculate the coefficients φn (or fn) and the complex quasienergy ,
e.g., according to (27) and (28). Detailed strong field and perturbative analyses of these key
ingredients of the QQES approach for the δ-model potential are presented in appendix B.
2.4. Exact result for multiphoton detachment rates
We will define the n-photon detachment amplitude using the asymptotic form of the normalized
QQES wavefunction at a large distance from an ion. To avoid problems stemming from the
long-range character of the standard representation (2) for the electron–laser dipole interaction,
it is convenient for our present purposes to carry out a few unitary transformations for (r, t).
First, the transformation

(1)(r, t) = exp
[
i
ω4
∫ t(∂F (ωτ)
∂τ
)2
dτ − iu pt
]
(r, t) (32)
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removes the periodic in time part of the term ∼A2(t) from the Hamiltonian H. This is
equivalent to using equation (21) for (1)(r, t) with f(t) → φ(t) (and equation (A.1) for
˜(1) (r, t) with an analogous substitution for f˜(t)). Then we transform to the frame oscillating
with the laser field by introducing a new position vector, R:
r = R + 2
ω2
F (ωt), (33)
which removes the term ∼A(t) · pˆ from H, so that the entire laser–field dependence
is concentrated in the potential U(R + 2
ω2
F (ωt)). This corresponds to the well-known
Kramers–Henneberger transformation [145]. The result is that the QQES wavefunction (21)
is transformed to
ψE (R, t) ≡ (1)
(
R +
2
ω2
F (ωt), t
)
= 1√
4π i
∞∑
k=−∞
φk
×
∫ ∞
0
dτ
τ 3/2
exp
{
i
[
2kω(τ − t) − Eτ + 1
4τ
(
R +
2
ω2
F (ωt − ωτ)
)2]}
. (34)
The nth Fourier coefficient of ψE has the following asymptotic behaviour at R = |R| → ∞
(see appendix C):
lim
R→∞
1
T
∫ T
0
einωtψE (R, t)dt −→ An e
ikn R
R
, T = 2π/ω, (35)
where k2n = nω − E =  + nω − u p is complex because  is complex. The open n-photon
detachment channels correspond to Re k2n > 0. Obviously, An depends on the direction
n = R/R, but not on R. The explicit form of An is (see appendix C)
An = in
∞∑
p=−∞
(−1)pφp Jn−2p
(
2Fkn
ω2
|e · n|
)(
e · n
|e · n|
)n−2p
. (36)
The lowest, n0th, open channel is determined by the dynamical threshold condition, n0 =
1 + [| Re | + u p]/ω, where [x] is the largest integer less than x . Thus it depends on both the
frequency and the intensity of the laser field. For open channels, Re kn > 0, whereas for a
closed channel m (i.e. for m < [| Re | + u p]/ω) the branch of the square root is defined by
the condition Im km > 0. Finally, taking into account (24), the exact amplitude (36) may be
presented in terms of the coefficients fn :
An = in
∞∑
k=−∞
fk
∞∑
p=−∞
(−1)p Jp−k
(
lu p
2ω
)
Jn−2p
(
2Fkn
ω2
|e · n|
)(
e · n
|e · n|
)n−2p
. (37)
The differential rate for n-photon detachment with detection of the detached electrons in
the direction n may be defined as
d(n)
d
≡ (n)(n) = 2|√kn An|2, (38)
where d ≡ dn. For real kn (neglecting the imaginary part of ) this definition coincides with
the standard definition for the angular distribution of detached electrons having the asymptotic
momentum, pn = knn, in terms of the electron flux. This formulation, however, cannot be
used directly for the quasistationary states. Thus, the definition (38) may be considered as an
analytical continuation of the standard definition for the case of the QQES approach. (Below
in section 2.6.4 we present some arguments to justify our definition (38).) Using in (36) the
relations (6) and (7), we can express the dependence of the differential rate (38) in terms of
the spherical angles of n, θ and ϕ. Then the total detachment rate for absorption of n photons,
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(n), is obtained by simply integrating equation (38) over all solid angles. Summing over all
possible numbers of absorbed photons, one obtains then the total detachment rate:
∞∑
n=n0
(n) = . (39)
2.5. The QQES wavefunction and detachment rates in the Keldysh approximation
The QQES solution discussed in previous sections provides a rare opportunity to compare
rigorously derived results of an exactly solvable problem with results obtained using the
Keldysh approximation (KA), which is a limiting case. It is well known that, in general,
the KA is applicable for low frequencies, ω  1, and for sufficiently strong F(ω  F  1)
such that the Keldysh parameter, γ = ω/F , is small compared to unity. Thus, following the
analysis performed in [127], we consider the low frequency limit of the exact equations for
 and (r, t). First of all, for small F , it is reasonable to expect that the function f (t) in
the boundary condition (20) (and therefore in the integral equation (22)) depends only weakly
on the small parameter ω, i.e. it is reasonable to start from the results for  and (r, t) at
f(t) ≈ constant. On the other hand, the time dependence of φ(t) may be significant even
for small ω in view of the exponential factor in the substitution (23). Thus, for small ω, it is
convenient to use the QQES equations in terms of coefficients fn instead of φn (cf (23)). It
follows from equations (22), (23) and (25) that the coefficients fn satisfy equations similar to
those satisfied by φn (i.e. equations (27)–(31) as well as the normalization condition (A.3)),
provided one makes the substitution Mnn′(E) → M˜nn′(E), where the integral for M˜nn′(E)
differs from that in (29) by the following substitution in the argument of the Bessel function
in (29):
lz(τ ) → l[z(τ ) − (u p/ω) sin ωτ ]. (40)
As shown in [127], to calculate  for small ω it is sufficient to approximate the full BW
expansion (obtained by substituting Mnn′(E) → M˜nn′(E) in equation (31)) by its leading term:√
E = 1 + M˜00(E). (41)
In terms of f (t), the approximation (41) corresponds to the substitution f (t) ≈ constant
in equation (22) with subsequent averaging of the rhs of this equation over the laser period
T = 2π/ω. Equivalently, it corresponds to neglecting coefficients fn with n = 0 in (22).
Putting E = 1 + u p on the rhs of (41) and using the explicit form of M˜00(1 + u p) in terms of a
cycle-averaged integral over time of the Volkov Green function, the imaginary part of  may
be obtained as [127]
 = −2 Im  = 2 Im(2M˜00 + M˜200) ≈ 4 Im M˜00(1 + u p)
= 8π
∑
n
∫
dp|Fn(p)|2δ(p2 + 1 + u p − nω), (42)
where Fn(p) is the Fourier coefficient of the Volkov wavefunction at the origin, ϕp(r = 0, t).
The result (42) coincides exactly with the initial formula for the decay rates in the KA (see, e.g.,
equations (10)–(15) in [1](c)). KA calculations of  for H− based on the direct evaluation of
Im M˜00 in (42) were carried out in [146]. Many authors have estimated KA decay rates, based
upon the formulation in [1], using a saddle-point analysis for the coefficients Fn(p) (which in
general may be expressed in terms of the so-called ‘generalized’ Bessel functions [1](b), [147];
see also (45) below). More general results, also using a saddle-point analysis, were obtained
in [128] for the case of linear laser polarization. The results obtained from this latter analysis
are in good agreement with experimental measurements and with results of other calculations
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up to unexpectedly high frequencies of about ω ∼ (0.3–0.5). This is not surprising, since the
analysis in [127] shows that (for not too strong F) the approximation (41) results in a fractional
error (/) in the calculated value for  that is of the order of ω/16.
In summary, the analytic expressions of the Keldysh approach, both for the wavefunctions
and the decay rates, follow from the exact QQES results by approximating  ≈ E0 = −1,
neglecting the Fourier coefficients fk with k = 0 and by using either of the equivalent
approximations (41) or (42) to calculate the total decay rates. The QQES wavefunction (21)
reduces in the KA to
K A(r, t) = −
√
8π
∫ ∞
0
e−iτ G(+)(r, t, 0, t − τ ) dτ, (43)
where we have used f0 = 1/
√
2π so that, for F → 0, (43) yields the initial state (9). Finally,
as follows from (24), the coefficients φk in the KA reduce to Bessel functions
φk = 1√
2π
Jk
(
lu p
2ω
)
. (44)
Note that in the KA (i.e. using (44) and the approximation  = −1 in kn) the exact
result (36) for An reduces to
AK An =
in√
2π
∞∑
p=−∞
Jp
(
l
u p
2ω
)
J2p+n
(
2Fkn
ω2
|e · n|
)(
e · n
|e · n|
)2p+n
. (45)
For the cases of linear and circular laser polarizations this result coincides with that obtained
by Reiss [147]. Note that the sum over products of Bessel functions in (45) defines the so-
called ‘generalized’ Bessel function, which also has a one-dimensional integral representation
(see [1](b), [147]). For an initial S-state and a linearly polarized field, Gribakin and
Kuchiev [128] obtained an approximation to the integral form of the ‘generalized’ Bessel
function using a saddle-point (adiabatic) analysis. Obviously, the result (45) is equivalent to
that in (37) for fk = δk0/
√
2π . Finally, with the use of the approximation I (B.31) for the
coefficients fk (see appendix B.4), equation (37) with fk → f (1)k gives the amplitudeAn taking
account (to first order) of the binding potential (‘rescattering’) correction to the KA result (45).
Note that the use of the approximation II for fk (see (B.32)), i.e. fk → f (2)k , yields the result
for An equivalent to that in the so-called ‘improved’ KA [133].
2.6. Analytical PT results for angular distributions and n-photon rates
The exact results (36) and (38) permit a simple analytical analysis for weak fields. In contrast
to the case of laser ionization of atoms, for the case of multiphoton detachment of negative ions
(by Nd:YAG or higher-frequency lasers) the PT regime is relevant to most existing experiments.
Indeed, the results of recent many-electron PT calculations [114] are in good agreement with
experimental results for detachment of negative halide ions. Also, existing studies of ellipticity
effects in multiphoton detachment (see [74–77]) employ LOPT. Analytical PT results have the
advantage that they allow one to carry out an exhaustive analysis of ADs over a wide interval
of frequencies.
The analytical PT expressions for (n)(n) (including higher-order corrections to the LOPT
result) may be derived by an expansion of the Bessel functions and coefficients φk in (36)
in a power series in F . Obviously, in order to calculate higher-order (in F) corrections
to ADs, a proper account of intensity-dependent corrections to the normalization factor φ20
and the coefficients φk with k = 0 in (36) is required. These corrections are presented
in appendices B.1 and B.2 for both BW and RS versions of PT. In principle, these results
allow us to investigate analytically both LOPT and higher-order PT effects for the general
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case of n-photon detachment, although final results for high-order effects do involve rather
cumbersome combinations of the Dm(E + pω) functions (see appendix B.2). As an example
of the analytical structure of high-order PT corrections for n > 1, we present below only the
linear in I correction for two-photon detachment. (For results for n = 1, see section 5.1.)
2.6.1. Two-photon detachment. The exact strong field result for the differential rate of two-
photon detachment is
(2)(n) = 2|(2ω − E)1/4A2|2, (46)
where A2 is given by (36). Expanding the Bessel function in (36) in a power series in F , the
BW result for A2, taking into account terms ∼F2 and F4, is
A2 = −φ02
(
F
ω2
)2
(2ω − E)(e · n)2
[
1 − (2ω − E)
(
F
ω2
)2 |e · n|2
3
]
+ φ1
[
1 − (2ω − E)
(
F
ω2
)2
|e · n|2
]
, (47)
where φ1 and φ20 are given by (B.5) and (B.8). The two-photon differential rate, including the
linear-in-intensity correction to the lowest-order BW result, follows from (46):

(2)
BW (n) =
1
2
|(2ω − E)1/4φ0|2
(
F
ω2
)4{
|A|2 − 2
(
F
ω2
)2
Re(A∗B)
}
, (48)
where
A = (2ω − E)(e · n)2 + lD1(E − ω)√
E − 2ω − 1 − M1,1(E)
,
B = 1
3
(2ω − E)2|e · n|2(e · n)2 + l√
E − 2ω − 1 − M1,1(E)
×
[
(2ω − E)D1(E − ω)|e · n|2 − D2(E − ω) − D1(E − ω)D1(E − 2ω)√
E − 2ω − 1 − M1,1(E)
]
.
Note that the correction term B involves a more complicated polarization angular factor,
|e · n|2(e · n)2, than that in the zero-order term A. Keeping only terms ∼F2 in (47), we have
that E  1, φ0  1/
√
2π and φ1 is given by (B.20). Thus the RS LOPT result for (2)(n) has
a simple form:
(2)(n) = F
4
4πω8
√
2ω − 1
∣∣∣∣(2ω − 1)(e · n)2 − l i(2ω − 1)3/2 − 2i(ω − 1)3/2 + 13(1 + i√2ω − 1)
∣∣∣∣
2
. (49)
This expression coincides with that obtained in [49] by a direct second-order PT calculation for
a δ-model potential. Integrating (49) over the directions of n, one obtains the total two-photon
decay rate in LOPT:
(2) = 2
45
F4
ω8
√
2ω − 1
{
3(2ω − 1)2ξ2 + l2
[
2(2ω − 1)2 + 5
ω
(ω − 1)2|1 + i√ω − 1|2
]}
, (50)
which coincides with that obtained previously in [81] (see also [80, 88] for the particular cases
of linear and circular polarizations (l = 1 and 0)).
In figure 2 we compare the LOPT result for (2) with both the (more accurate) BW result
and the exact result. Figure 2(a) illustrates the frequency dependence of (2) for an intensity
I = 0.04 in two levels of approximation: (i) the RS LOPT result, (50), and (ii) the BW result
including corrections ∼I and I 2 to the LOPT BW result. (Note that we have not presented in
this paper the analytic expression for the BW rate including correction terms ∼I 2; the result
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Figure 2. Total rate of two-photon detachment for H− (divided by I 2 in scaled units) in a linearly
polarized laser field. Short broken curve: the LOPT result, (50); full curve: the BW result, (2)BW ,
including the corrections ∼I and I 2; chain curve: exact result. (a) Frequency dependence for
F = 0.2 (the exact and BW results are indistinguishable in this figure). (b) Field dependence for
the below-threshold frequency, ω = 0.74. (c) Field dependence for the above-threshold frequency,
ω = 1.61.
including the correction ∼I is obtained by integration of (48) over the angles of n.) The
results for n = 2 shown in figure 2 are qualitatively similar to those for the case of n = 1 (see
section 5 below), although the deviations from LOPT results take place at lower intensities
than for n = 1. As shown in figure 2, with increasing F , the percentage reduction of the
BW rate, (2)BW , below the LOPT result is much greater for ω < 1 than for above-threshold
frequencies for a given change in F . Note also the close agreement of the BW results with the
exact ones.
2.6.2. Results for n = 3–5. Three-photon detachment can be analysed similarly to the case
of n = 2. Here
A3 = F
ω2
√
3ω − E (e · n)
6
[
6φ1 − φ0 F
2
ω4
(3ω − E)(e · n)2
]
, (51)
and thus we have the following LOPT results for both differential and total rates:
(3)(n) = 1
36π
(
F
ω2
)6
|e · n|2(3ω − 1)3/2
×
∣∣∣∣(3ω − 1)(e · n)2 − l i(2ω − 1)3/2 − 2i(ω − 1)3/2 + 11 + i√2ω − 1
∣∣∣∣
2
, (52)
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(3) = 2
315
(
F
ω2
)6
(3ω − 1)3/2
[
ξ2(3ω − 1)2
+ l2
(
2
5
(3ω − 1)2 + 35
6
∣∣∣∣ω − 25 − 2(ω − 1) 1 + i
√
ω − 1
1 + i
√
2ω − 1
∣∣∣∣
2)]
. (53)
We present also the explicit forms of the differential rates for n = 4 and 5:
(4)(n) =
(
F
ω2
)8 √4ω − 1
(4!)2π
∣∣∣∣(4ω − 1)2(e · n)4 − 2l(e · n)2(4ω − 1)g1(ω) + 23 l2g2(ω)
∣∣∣∣
2
,
(54)
(5)(n) =
(
F
ω2
)10
|e · n|2 (5ω − 1)
3/2
(5!)2π
|(5ω − 1)2(e · n)4
− 103 l(e · n)2(5ω − 1)g1(ω) + 103 l2g2(ω)|2, (55)
where g1(ω) and g2(ω) enter the LOPT results via the coefficients φ1 and φ2 (cf (B.20)).
2.6.3. The multiphoton case. The general structure of the ADs for higher n can be discerned
from the results for 2  n  5 presented above. The LOPT result for the amplitude An is
obtained by expansion of the Bessel functions in (36) in power series in F , and by taking into
account the explicit form (B.10) for the coefficients φp in LOPT. The final result forAloptn has
a simple form in terms of the LOPT coefficients χk(ω) (see (B.10)):
Aloptn =
1√
2π
(
F
ω2
)n [n/2]∑
k=0
(−1) n−2k2 lk (e · n)
n−2k
(n − 2k)! (nω − 1)
n−2k
2 χk(ω). (56)
Note that, for both even and odd n, n = 2m and 2m +1, the polarization-angular structure of the
amplitude involves the same number, m +1, of terms with different polarization-angular factors
lk(e · n)n−2k . Note that the term with k = 0 corresponds to the maximal angular momentum
L of the detached electron, L = n, and only this term (with χ0(ω) = 1) contributes to the
amplitude for the case of circular polarization, l = e · e = 0. The differential rate in LOPT is
given by (38) with kn =
√
nω − 1:

(n)
lopt (n) =
1
π
(
F
ω2
)2n√
nω − 1
∣∣∣∣
[n/2]∑
k=0
(−l)k
(n − 2k)!
[
(e · n)
√
nω − 1]n−2kχk(ω)
∣∣∣∣
2
. (57)
Using the parametrization (7) for e · n in terms of 1 ± ξ , the integration of equation (57) over
 is straightforward and yields the total rate:

(n)
lopt = 4
(
F
ω2
)2n
(nω − 1)n+1/2
[[n/2]∑
k=0
l2k
(n − 2k)!
k∑
k′=0
4k′−k(1 − nω)−2k′ |χk′ (ω)|2
(2n − 4k ′ + 1)!![(k − k ′)!]2
+ 4
[n/2]∑
k=1
k−1∑
k′=0
n,k,k′ (l2)
[(n − k − k ′)!]2(1 − nω)−k−k′
(2(n − k − k ′) + 1)! Re{χk(ω)χ
∗
k′(ω)}
]
. (58)
The polarization-dependent factor n,k,m(l2) is defined by
n,k,k′ (l2) =
[n/2]−k∑
s=0
l2(k+s)
2 F1
(
s + k − n2 , s + k − n−12 ; 12 ; 1 − l2
)
s!(s + k − k ′)!(n − 2k − s)!(n − k − k ′ − s)!
+
(
n − 1
2
−
[
n
2
])
ln
[(n/2 − k)!(n/2 − k ′)!]2 , (59)
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where the last term contributes only for even n, and where 2 F1 is the hypergeometric
polynomial. The cumbersome factor (59) vanishes for circular polarization (l = 0) and
may be transformed to a simpler form for the case of linear polarization:
n,k,k′ (l = 1) = (2n − 2k − 2k
′)!
2[(n − k − k ′)!]2 . (60)
The amplitude (56) depends on n through even or odd powers of e ·n. In agreement with
dipole selection rules, this means that for the detached electron only odd values of the angular
momentum L are allowed for odd n and only even values of L are allowed for even n. L
takes the values L = Lmin, Lmin + 2, . . . , n, where Lmin = n − 2[n/2] is the minimal angular
momentum of the detached electron for even (Lmin = 0) and odd (Lmin = 1) values of n.
Partial decay rates into a fixed L channel are useful, in particular, to estimate the quality of
multielectron wavefunctions in accurate calculations of the multiphoton detachment rate (see,
e.g., [105]). Partial amplitudes Aloptn, L may be obtained by projecting (56) onto the spherical
harmonics, YL M (θ, ϕ), with the use of (6) and (7). For an elliptic polarization the general
expression for Aloptn, L is rather cumbersome; thus, we present here only the results for linear
polarization, in which case e·n = ˆ ·n = cosα and the amplitude (56) involves only Legendre
polynomials PL(cos α):
Aloptn, lin =
1√
4π
(
F
ω2
)n n∑
L=Lmin ,Lmin +2,...,
√
2L + 1aL(ω)PL(cos α). (61)
The function aL(ω) defines the partial amplitude for a given L channel:
aL(ω) = (−1)n/2
√
2(2L + 1)
(n−L)/2∑
k=0
(−1)k(nω − 1)(n−2k)/2
(n − L − 2k)!! (n + L + 1 − 2k)!!χk(ω). (62)
The sum over k in (62) corresponds to the coherent superposition of amplitudes for the
detachment pathways with various combinations of angular momenta in intermediate states
that contribute to the fixed-L final state continuum channel. Thus, we obtain the following
partial expansion for (n)lopt, lin :

(n)
lopt, lin =
n∑
L=Lmin

(n),L
lopt, lin , (63)
where the partial decay rate into the Lth channel is

(n),L
lopt, lin = 2
√
nω − 1
(
F
ω2
)2n
|aL(ω)|2. (64)
2.6.4. Threshold phenomena and connection of partial rates to the imaginary part of the
quasienergy. The analytical PT results presented above permit a detailed analysis of all the
frequency, polarization and angular dependences of multiphoton differential cross sections in
a weak laser field. The frequency dependence of results for n  2 with increasing ω above
the (n − 1)-photon threshold (ω  1/(n − 1)) exhibits threshold anomalies (TAs) (caused
by branch-point non-analyticities of the n-photon amplitudes) at the thresholds for (n − 1),
(n − 2), . . . , 2 and 1-photon detachment. Note that these above-threshold peculiarities do
not occur in the case of purely circular polarization, ξ = ±1 (owing to the dipole selection
rules for this case). On the contrary, for the case of linear polarization the non-analyticities
that arise at the opening of intermediate state thresholds result in frequency dependences of
total n-photon rates and AD parameters that vary considerably and differently on either side
of each threshold. In particular, for l = 1 the two-photon cross section (50) has quite different
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forms for ‘above-threshold frequencies’, ω > 1, ((2)ath), and for below-threshold frequencies,
1
2 < ω < 1, (
(2)
bth):

(2)
ath =
2
45
F4
ω8
√
2ω − 1(13ω2 − 18ω + 7), ω > 1, (65)

(2)
bth =
2
45
F4
ω8
√
2ω − 1
{
3ω2 + 12ω − 23 + 10
ω
[1 − (1 − ω)5/2]
}
,
1
2
< ω < 1. (66)
Despite the non-analyticity, the frequency dependence of the n-photon cross sections is
continuous at the thresholds; in particular, (2)(ω → 1) = (2/45)F4(3ξ2 + 2l2), regardless of
whetherω → 1 from above or belowω = 1. This fact (as well as the very origin of the threshold
peculiarities) may be seen most clearly from the ‘scattering phase representation’ for the φk(ω)
coefficients that is introduced in appendix B (see, e.g., (B.23) and (B.24)). The continuity at
thresholds is a general property of cross sections for a short-range potential. For atomic
potentials with a Coulombic asymptotic behaviour the threshold peculiarities of multiphoton
cross sections and nonlinear susceptibilities will be more distinct owing to the condensation
of Rydberg resonances below each threshold [148] (see, e.g., [149] for numerical examples).
It is important to note that all threshold peculiarities are caused by the Fourier coefficients φk
(given by (B.10)) of the QQES wavefunction at the origin; these peculiarities vanish in the
approximation that χk ∼ δk,0 in (56). Moreover, imaginary parts of these coefficients enter the
ED terms in ADs, which are proportional to the polarization-angular factor ∼l Im{(e · n)2}.
Therefore, in contrast to strong field or low frequency (adiabatic) approximations,when usually
all but the leading Fourier coefficients of (r, t) at r → 0 are neglected, in the perturbative
regime a proper account of these coefficients is essential in order to describe all major features
of multiphoton ADs.
As has also been mentioned above, the total decay rate,  = −2 Im , is independent of
an explicit form of the normalized QQES wavefunction and of a definition of the partial rates,
(n), in terms of wavefunctions (cf (38)). On the other hand, the relation (39) may be used for
an independent test of the accuracy of different definitions of the partial rates (n) for the case
of moderate or strong laser fields, when the LOPT result is insufficient. We illustrate this fact
below by comparison of our results for one- and two-photon detachment obtained by use of RS
PT with the imaginary part of the two-term expansion (B.14) for the (complex) quasienergy.
For 1/2 < ω < 1 the one-photon channel is closed; thus the polarizability α(ω) is real and
Im γ4 in (B.16)–(B.18) determines (2), which coincides with the results in (50) or (66). For
ω > 1, both one- and two-photon channels are open, and thus the self-consistency relation (39)
1
2 (Im α(ω) +
1
6 Im γ4(ω; l)F2)F2 = (1) + (2) (67)
should be fulfilled, where (2) is defined by equation (50) (or (65), for l = 1) and (1) is given
by equation (92) below. The explicit expressions for α and γ4 in (B.15)–(B.18) confirm the
validity of the relation (67). Moreover, we have performed a similar comparison for ω > 1 of
the analytical result for the imaginary part of  including terms ∼F6 with the sum of the total
rates (integrated over n) for one-, two- and three-photon detachment. (For n = 2 the correction
∼F2 to the result (49) has been calculated analytically.) We have observed the complete
coincidence of results for these two independent calculations. These analytical considerations
justify the self-consistency of both our normalization procedure for the QQES (including the
complexity of the normalization parameter φ0) and our definition for the differential rates
(taking into account the complex ‘momentum’ kn in (38)). Note that the definition (38) is not
conventional, i.e. other authors use definitions that differ from (38) (see, e.g., [125, 126, 150]).
Note, however, that in these works, firstly, the normalization factor for the QQES wavefunction
appears not to be complex and, secondly, only the real part of the complex quasienergy, Re ,
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is used in the definition of the ‘momentum’ kn. Therefore, for example, using these definitions
for PT calculations of (1) and (2) even up to ∼F4, the self-consistency relation (67) will not
be fulfilled.
3. Angular distributions and elliptic dichroism in the weak field limit
Multiphoton detachment with elliptically polarized light produces photoelectron ADs that are
sensitive to the sign of the ellipticity and that have lower symmetry than those produced with
linearly or circularly polarized light. Furthermore, the terms in the AD that are sensitive to the
photon helicity result from non-Hermitian components of the multiphoton transition amplitudes
or, more precisely, interference between real and imaginary parts of transition amplitudes.
Thus, the ED effect provides experimentalists with a means to measure such interference and
provides theorists with a sensitive test of theoretical models. The most straightforward way to
uncover the origins of these effects is to use the PT approach, which we do here for a general
n-photon detachment process. The ED effect always stems from the interaction of the detached
electron with the atomic core. In the LOPT limit, this interaction originates, first, from ED
terms in n-photon ADs that involve nonzero detached electron phase shifts (which describe
the elastic scattering of the detached electron from the atomic core). For the case of ATD, it
originates also from additional ED terms involving the amplitudes of inelastic electron-core
scattering after absorption of m photons ((1/ω) < m < n) by an escaping electron. We
discuss the quantitative contributions of these alternative ED terms for the case of the δ-model
potential. We also present explicit AD results for 2  n  8 and demonstrate a good agreement
of these predictions based upon the δ-model potential with available experimental data and
with results of more elaborate calculations for the H− ion.
3.1. Perturbative analysis of angular distributions for elliptically polarized light
For a circularly polarized laser field, the LOPT results for the differential and total rates have
simple forms for absorption of n photons:

(n)
circ(n) =

(n)
circ
4π
(2n + 1)!!
(2n)!!
(sin θ)2n, (n)circ =
2n+2
(2n + 1)!
(
F
ω2
)2n
(nω − 1)n+ 12 . (68)
These results follow immediately from (57) and (58), where only terms with k = 0 contribute
for10 l = 0. Here θ is the angle between n and kˆ. With the use of the Clebsch–Gordan
expansion for the product of Legendre polynomials, one may evaluate the squared modulus of
the amplitude in (61) to obtain explicit analytic expressions for the AD asymmetry parameters,
β2k(ω), for the case of a linearly polarized field11:

(n)
lin (n) =

(n)
lin
4π
[
1 +
n∑
k=1
β
(n)
2k P2k(cos α)
]
, (69)
where
β
(n)
2k (ω)
( n∑
L=Lmin
|aL(ω)|2
)
=
n∑
L1,L2=Lmin
(C2k 0L10 L20)
2
√
(2L1 + 1)(2L2 + 1)aL1(ω)a∗L2(ω) (70)
and where aL(ω) and (n)lin are given by equations (61)–(64).
10 The energy dependence in (68) follows obviously from Wigner’s law (B.25).
11 Note that the general form of AD in (69) is valid for any momentumless target (‘Yang’s theorem’) [152].
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For an elliptic polarization, the formulae for the ADs are much more involved. Besides
the loss of axial symmetry (with the symmetry axis being along ˆ for ξ = 0) or along kˆ for
l = 0) a dependence on the sign of ξ appears for 0 < |ξ | < 1. In [11, 49] it was shown
that this dependence is due to the term l Im{(e · n)2} which occurs in both the lowest- and
higher-order PT results for the ADs. General symmetry arguments as well as our explicit
results for 2  n  5 in section 2.6 and our general result for arbitrary n in (57) show that
the polarization-angular dependence of the n-photon AD (n)(e;n) for an arbitrary ellipticity
may be presented as the sum of combinations of the linear polarization degree, l, and two
fundamental vector constructions, |e ·n|2 and l(e ·n)2, whose representations in terms of real
vectors (cf the definition (4) and parametrizations (6) and (7) in terms of spherical angles θ
and ϕ) are [49]
2|e · n|2 = (1 + l)(ˆ · n)2 + (1 − l)(n · [kˆ × ˆ])2,
2 Re{(e · n)2} = (1 + l)(ˆ · n)2 − (1 − l)(n · [kˆ × ˆ])2,
Im{(e · n)2} = ξ(ˆ · n)(n · [kˆ × ˆ]).
(71)
An invariant four-parameter representation of the two-photon AD is
1
I 2
(2)(e;n) = l2 A(2)1 + A(2)2 |e · n|4 + A(2)3 l Re{(e · n)2} + A(2)4 l Im{(e · n)2}, (72)
where the explicit forms for the factors A(2)i are evident by comparison of (72) with (49).
Equation (72) coincides with the general form of the AD for two-photon ionization of atoms
for the case of an initial S-state [49]. The result (52) for n = 3 may be presented in the
same form as (72) with an additional overall factor |e · n|2 on the rhs. In both cases only
one parameter, A(i)2 , contributes for l = 0. For l = 1 only the term with the ED parameter
A(i)4 vanishes. Note that for l = 1 the parameters A(i)1−3 are simply related to the asymmetry
parameters β(i)2k in (69). In particular, for n = 2 we have
β
(2)
2 =
2
3(2)
(
6
7
A(2)2 + A
(2)
3
)
, β
(2)
4 =
8
35(2)
A(2)2 , (73)
where (2) = A(2)1 + (1/5)A(2)2 + (1/3)A(2)3 and (2)lin = 4π I 2 (2) is the total two-photon rate
for the case of linear polarization. Similar results for n = 3 in (70) are
(3) = 13 A(3)1 + 17 A(3)2 + 15 A(3)3 , β(3)2 =
2
3(3)
(
A(3)1 +
5
7
A(3)2 +
6
7
A(3)3
)
,
β
(3)
4 =
8
35(3)
(
15
11
A(3)2 + A
(3)
3
)
, β
(3)
6 =
16
231(3)
A(3)2 ,
(74)
where in this case (3)lin = 4π I 3 (3). With increasing n, the number of parameters A(i)n
grows rapidly. Moreover, the coefficients χk(ω) in (56) are complex (with the exception of
χ0(ω) = 1); thus, for n = 4 and 5 the ADs involve nine parameters including three different
dichroic terms ∼l ξ . Besides l3 Im{(e · n)2} and l2|e · n|2 Im{(e · n)2}, these terms involve
a new construction, l2 Im{(e · n)4}. In the general case, the AD (n)(e;n) with n = 2m and
n = 2m + 1 involves (m + 1)2 independent polarization-angular terms, and m(m + 1)/2 among
them are responsible for the ED effect (i.e. are proportional to the product lξ ).
In the geometry of figure 1 we have (n · ˆ)2 = cos2 α, (n · [kˆ × ˆ])2 = cos2 β, and thus
l Im{(e · n)2} = 12ξl sin2 θ sin 2ϕ = ξl cos α cos β. (75)
Therefore, for the case of an elliptical polarization, the ADs are described by two independent
angles (e.g. by α and β) and they are symmetric with respect to the inversion n → −n, or
equivalently, to the simultaneous changeα → α+π and β → β+π . This symmetry originates
Topical Review R75
from conservation of spatial parity and is independent of the polarization state. Note that, if
one neglects the dichroic terms, an additional symmetry appears with respect to a rotation by an
angle π around either the major or the minor axes of the polarization ellipse, i.e. for β → β +π
or α → α + π . The ED terms destroy this symmetry. In view of the ED, the ADs for opposite
helicities of a laser beam, i.e. ξ and −ξ , are different and cannot be made to coincide as the
result of spatial rotations. Nevertheless, a symmetry exists with respect to the substitution
ξ, kˆ → −ξ, −kˆ (see (71)). In other words, the ADs in two experiments with opposite
helicities and directions of the laser beam will be the same. Equation (75) shows that this latter
symmetry corresponds to a simultaneous change ξ → −ξ and either α → α+π or β → β+π .
Obviously, measurements of dichroic terms in ADs would provide information on the laser–
atom interaction and on the atomic parameters that is inaccessible to experiments that employ
linearly or circularly polarized light sources. As examples of both the variation of ADs when
the ellipticity varies and the asymmetry caused by the ED terms, we present in figures 3–9
(unnormalized) results for three-dimensional ADs for n  8.
Figures 3(a)–(e) and 4(a)–(d) show ADs for two- and three-photon detachment of H− at
the frequency ω = 0.862 that has been used in a recent experiment on two-photon detachment
of H− by a linearly polarized laser field [68]. Our results in figures 3 and 4 are presented for
ξ = 0, 0.7,−0.7 and for n = 2, ξ = ±1. For circular polarization (ξ = ±1) the ADs have a
high symmetry and are similar for any n (see (68)); thus we present results for this case only
for n = 2, in figure 3(d). In figures 3(e) and 4(d) we present two-dimensional ADs in the plane
of the laser polarization, i.e. in the plane of the vectors ˆ and [kˆ × ˆ]. One sees that for both
n = 2 and 3 the ED effects are significant enough to be measured experimentally. Note that for
any fixed frequency only four measured data points are sufficient to determine the total set of
four invariant atomic parameters A(i) for two- or three-photon detachment in the perturbative
regime. These data points may be, e.g., the total detachment yield or two measurements for
some fixed geometry but for opposite helicities of the laser field,and an additional measurement
for one other value of the angles α and/or β. With these four data points in hand, our analytical
results allow one to reconstruct the entire (normalized) three-dimensional AD for any geometry
and polarization state of the laser field.
Two-dimensional ADs for two- and three-photon detachment of H− in an elliptically
polarized field have been analysed in [77] using B-spline calculations that treat electron
correlations. For the case of orthogonal geometry, i.e. θ = π/2, our analytical results for
two- and three-photon amplitudes coincide with those given in terms of radial matrix elements
that are presented in the appendix of [77]. We found also good agreement with the B-spline
calculations [77] for the ellipticity dependences of the total rates for n = 2 and 3 (cf our
figure 12(b) for n = 2 with figure 4 of [77]). Nevertheless our results for ADs in the plane of
the polarization ellipse disagree with the results of [77], both for n = 2 and 3. For example,
in figure 5 we present our planar AD results for n = 3 and for a number of values of η used
in [77]. These results differ substantially from the corresponding results in figure 8 of [77],both
for below- (figure 5(a)) and above-threshold frequencies (figure 5(b)). Since in accordance
with (73) the parameters A(2)i with i = 1, 2, 3, are directly connected with the asymmetry
parameters and with the total rate, for which our results are in reasonable agreement with other
accurate calculations (see section 3.3), it may be expected that differences in the values of the
ED parameter, A(2)4 , obtained in the δ-model and in the B-spline calculations can explain the
observed disagreement in the ADs for n = 2. Consequently, we varied this arbitrary parameter
over a range of ∼(±50)%, but we were still unable to obtain any agreement of these results
with those of [77]. Thus, the reason for this disagreement is unclear to us. An independent
calculation would thus be very interesting and appears necessary to resolve this contradiction.
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Figure 3. The AD of detached electrons for two-photon detachment of H− for ω = 0.862 and
(a) ξ = 0, (b) ξ = 0.7, (c) ξ = −0.4 and (d) ξ = ±1. (e) Two-dimensional ADs of detached
electrons for two-photon detachment of H− in the polarization plane defined by ˆ and [kˆ × ˆ] for
ω = 0.862 and for two different ellipticities, η. Full curve: ξ = 0.7 (η = 0.4); dotted curve:
ξ = −0.7 (η = −0.4). The differences of the two curves arise from the ED effect.
Figure 4. The same as figure 3 for three-photon ATD of H−.
Figure 5. Two-dimensional ADs for three-photon detachment of H− for various ellipticities (full
curve: ξ = 0 (η = 0); broken curve: ξ = 0.64 (η = 0.36); chain curve: ξ = 0.94 (η = 0.7); dotted
curve: ξ = 0.99 (η = 0.9)) and for the same two values of the photoelectron energy, E p = ω − 1,
as in figure 8 of [77]. (a) ω = 0.4055 (E p = 0.006 au); (b) ω = 0.76655 (E p = 0.036 au).
The ADs for above-threshold four-photon (ω = 0.31  2ωCO2) and five-photon
(ω = 0.39) detachment are presented in figures 6(a)–(d) and 7(a)–(d). Because of the small
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Figure 6. The AD of detached electrons for four-photon detachment of H− for ω = 0.31 and
(a) ξ = 0, (b) ξ = 0.7, (c) ξ = −0.7. (d) Two-dimensional AD of detached electrons and ED for
four-photon detachment of H− (at ω = 0.31) in the polarization plane defined by ˆ and [kˆ × ˆ].
Full curve: ξ = 0.7; dotted curve: ξ = −0.7.
Figure 7. The AD of detached electrons for five-photon ATD of H− for ω = 0.39 and (a) ξ = 0,
(b) ξ = 0.7, (c) ξ = −0.7. (d) Two-dimensional AD of detached electrons and ED for five-photon
detachment of H− (at ω = 0.39) in the polarization plane defined by ˆ and [kˆ × ˆ]. Full curve:
ξ = 0.7; dotted curve: ξ = −0.7.
Figure 8. The AD of detached electrons for seven-photon detachment of H− for ω = 0.15504
(CO2 laser) and (a) ξ = 0, (b) ξ = 0.7, (c) ξ = 0.88.
binding energy of H−, it seems that an analysis of detachment for high photon numbers n for the
case of ‘below-threshold’ frequencies,1/n < ω < 1/(n−1), is not interesting for experimental
measurements, except for the important case of the CO2 laser, whose wavelength of 10.6 µm
corresponds to seven-photon detachment. The results for this case (ωCO2 = 0.15504) are
presented in figures 8(a)–(c) for ξ = 0, 0.7 and 0.88. Since for odd n the ED asymmetry
vanishes for ‘below-threshold’ frequencies (see below), the ADs in figures 8(b) and (c) are
independent of the sign ξ and are symmetric with respect to the substitutions α → α + π or
β → β + π . Moreover, although for this case the ADs depend only on ξ2, their form depends
significantly on the absolute value of ξ . In figures 9(a)–(d) results for eight-photon ATD for the
CO2 frequency are presented. Here the ED asymmetry is displayed very clearly. For a crude
estimation of the intensity at which the seven- and eight-photon cross sections are comparable
and for which the ED effect may be visible, we mention that the photoelectron yield for n = 8
constitutes 10% of that for n = 7 at a critical intensity, Icr  108 W cm−2, for the H− ion
(for the case of fixed ξ = 0.7 and α = β = π/4). The magnitude of Icr grows rapidly
with increasing ω in the above-threshold domain; for instance, Icr  1.4 × 1011 W cm−2 for
ω = 0.55.
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Figure 9. The AD of detached electrons for eight-photon ATD of H− for ω = 0.15504 (CO2 laser)
and (a) ξ = 0, (b) ξ = 0.7, (c) ξ = −0.7. (d) Two-dimensional AD in the polarization plane
defined by ˆ and [kˆ × ˆ]. Full curve: ξ = 0.7; dotted curve: ξ = −0.7.
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Figure 10. Frequency dependence of the relative ED parameter, δ(n) (see (77)), for n-photon
detachment of H− in the LOPT: (a) δ(2); (b) δ(3); (c) δ(4); (d) δ(5). The geometric parameters are:
θ = π/2; α = β = π/4; the polarization parameters are: dotted curve: ξ = 0.2; full curve:
ξ = 0.7; chain curve: ξ = 0.94.
3.2. Discussion of dichroic terms in ADs
We discuss now in more detail the magnitude of the ED effect and its frequency dependence.
Consider first the cases of n = 2 and 3 based on (49) and (52). For n = 2 the polarization and
angular dependence of the ED effect is rather simple:

(2)
ed ≡ (2)(ξ;n) − (2)(−ξ;n) = I 2 β(2)ed lξ cos α cos β. (76)
The kinematical maximum of the ED term corresponds to α = β = π/4, θ = π/2, and
ξ2 = l2 = 0.5. In figure 10(a) we present the frequency dependence of the dimensionless ED
parameter, δ(2), where
δ(n) = (n)ed [(n)(ξ;n) + (n)(−ξ;n)]−1 (77)
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for H−, θ = π/2 and α = β = π/4. For n = 2 and 3, the ED term (n)ed has in general the
same magnitude as other terms in the cross sections, so that δ(n) may attain values of the order
of unity. The angular dependence of (3)ed differs from that in (76):

(3)
ed ≡ (3)(ξ;n) − (3)(−ξ;n) = β(3)ed lξ cos α cos β[(1 + l) cos2 α + (1 − l) cos2 β] I 3.
(78)
In this case the rhs of (78) has a maximum at θ = π/2, ξ = 2/3 and tan(2α) = 2. The
frequency dependence of δ(3) is presented in figure 10(b).
As shown in figures 10(a) and (b), the parameters δ(n) for n = 2 and 3 vanish at thresholds
and change sign after the opening of the n = 1 channel [78]. The ED effect in two-photon
detachment is most significant for below-threshold frequencies; it is small for ω > 1, when
the one-photon channel is open. On the contrary, for n = 3 the ED effect is nonzero only for
above-threshold frequencies, ω > 1/2; δ(3) achieves considerable values above both the two-
photon and the one-photon thresholds. These peculiarities are transparent from the explicit
formulae for β(n)ed which easily follow from (49) and (52). In all cases β(n)ed originates from
an interference between real and imaginary parts of various terms which enter the detachment
amplitude. In particular,
β
(2)
ed ≡ A(2)4 =
1
3πω9
(2ω − 1)2(1 − ω)
×
[
(1 − ω)(1 − √1 − ω) + (ω − 1)
(
1 −
√
ω − 1
2ω − 1
)]
, (79)
where the Heaviside function (x), is unity for x  0 and is zero for x < 0. The parameter
β
(3)
ed is very similar to β
(2)
ed :
β
(3)
ed ≡ A(3)4 =
1
9πω13
(3ω − 1)5/2√2ω − 1(1 − ω)(2ω − 1)
×
[
(1 − ω)(1 − √1 − ω) + (ω − 1)
(
1 −
√
ω − 1
2ω − 1
)]
. (80)
The first term on the rhs of equation (79) for β(2)ed corresponds to the case ω < 1 while the
second one contributes only when ATD takes place. Moreover,β(3)ed in (80) is zero in the below-
threshold domain, 1/3 < ω < 1/2. The physical meaning of these results becomes more clear
by re-writing β(n)ed in terms of nth-order PT radial matrix elements, M
(n)
L , and scattering phases,
δL(E), where L is the angular momentum of the detached electron. In particular, the result (79)
in terms of these quantities is [49]
β
(2)
ed = −
1
24π2ω
√
2ω − 1M2[(1 − ω) sin δ0 M0 + (ω − 1)
× {sin δ0 Re M0 + cos δ0 Im M0}], (81)
where δ0 ≡ δ0(2ω − 1). Note that, for a δ-model potential, δL>0 = 0 and exp(iδ0) =
(1 − i√2ω − 1)/√2ω (cf (B.21)) and the matrix elements M (n)L with L = n are real.
Equation (81) shows that for ω < 1 the ED term is proportional to sin δ0 (note that it
is this scattering phase which causes the complexity of the coefficient g1(ω) in (B.23) at
1/2 < ω < 1), while in the above-threshold case the ED term involves Im M0. The imaginary
part of M0 corresponds to the amplitude of a two-step (cascade) process, namely one-photon
detachment followed by subsequent inelastic scattering of the detached electron by the parent
atom with the absorption of one additional photon. This two-step process interferes with
the ‘direct’ two-photon detachment in another L channel, whose amplitude is proportional to
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Re M2, and this interference leads to an ED effect even if the scattering phase δ0(2ω − 1) is
neglected (which in our formalism corresponds to keeping only the phase δ0(ω−1) in (B.23)).
This mechanism explains the origin of ED in three-photon detachment: for this case L = 1
and 3, and thus δL = 0 so that the ED effect is nonzero only for above-threshold frequencies
(see figure 10(b)), at which the radial matrix elements M (3)1 are complex. (This corresponds
to the complexity of the function g1(ω) in (B.23) for ω > 1/2, which enters our result for
the amplitude A3.) Since ED in three-photon detachment is caused only by the interference
between real and imaginary parts of radial amplitudes, it provides a possibility for the direct
measurement of this interference. On the other hand, since in reality the phase δ1 is nonzero
(although small), the precise measurement of ED terms (with a relative accuracy of order δ1)
for below-threshold frequencies allows one to measure this small phase.
The general features of the ED parameters for n  4 are different from those for the cases
n = 2 and 3 in two respects. First, now the dichroic difference, (n)ed , has a more complicated
form involving a number of terms with different dependences on the angles α and β, as may
be seen from the general result for the amplitude given in (56). In particular, for n = 4 the
result for (n)ed may be written as

(4)
ed = I 4lξ cos α cos βa(4)1 |a(4)2 l + a(4)3 (e · n)2|
2
, (82)
where the frequency-dependent factors a(4)i are real and may be easily obtained from (54).
Similarly, (5)ed is given by (82) with an overall factor I |(e · n)|2 on the rhs and other invariant
parameters a(5)i (see (54)). Obviously, in all cases the ED parameters such as a(n)i arise
from an interference between real and imaginary parts of the factors χk(ω) in the detachment
amplitude (56) (or, equivalently, of the Fourier coefficients of the QQES wavefunction at the
origin). Therefore, the ED effect vanishes if one neglects the interaction of the escaping electron
with the binding potential, as is done in the KA and also in various ‘SFAs’ that are similar to it;
it vanishes also if this interaction is treated in a crude (e.g. Born) approximation in which the
transition amplitude is Hermitian and independent of the scattering phases. Furthermore, for
n  4 many coefficients χk(ω) contribute to the requisite interference and thus the frequency
dependence of the ED terms is not as regular as for the cases n = 2 and 3 (cf (79) and (80)), in
which only one coefficient, φ1(ω), enters the amplitudesA2 andA3. A consequence of this fact
is that the relative ED parameter δ(n), (77), does not vanish at threshold frequencies (although
it changes its sign in a near-threshold domain). Of course, the above-discussed statement on
the vanishing of ED for n = 3 for ‘below-threshold’ frequencies (owing to the vanishing of
the scattering phases δL with L > 0 for a short-range potential) is valid for any odd n = 2k + 1
in the limit of LOPT, as may be confirmed by a direct analysis based on the explicit result (56)
for An.
As an illustration of the above statements, in figures 10(c) and (d) we present the frequency
dependence of δ(n) for n = 4 and 5 for the orthogonal geometry, n ·k = 0, and α = β = π/4.
In addition, in figure 11 we plot δ(n) (for n = 2, 3, 4, 5) as a function of 1/ω. The inverse
frequency dependence clearly separates the n-photon thresholds and shows very clearly that
both the three- and five-photon ADs do not have any asymmetry for ξ → −ξ over the ranges
2 < ω−1 < 3 and 4 < ω−1 < 5, respectively. Since we are in the PT regime, for any range
of the frequency, the rate with the lowest allowed number of absorbed photons determines
almost entirely the total detachment rate. Therefore, we expect to see flat (i.e. zero) regions
for 2 p < ω−1 < 2 p + 1 for the total ED parameter, δ(total), which is defined by replacing
in (77) (n)(ξ;n) by the total AD rate, (ξ;n) = ∑n (n)(ξ;n). These flat (zero) regions
are clearly visible in figure 11.
In summary, all the major properties of the ADs and n-photon rates, (n), in the PT
approach are caused by the functionsDk(E + pω) in (B.2) (or, in LOPT, by χk(ω) from (B.11)
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Figure 11. (a) The total ED parameter. (b) The two-, three-, four- and five-photon ED parameters,
δ(n), as functions of 1/ω. Full curve: δ(2); broken curve: δ(3); dotted curve: δ(4); chain curve: δ(5).
The ellipticity is ξ = 0.7 and F = 0.01.
and (B.12)). Physically, the dichroic effects originate from an interaction of the detaching
electron with an atomic potential U(r)both in intermediate (after absorption of m < n photons)
and final states. In the δ-model potential, this coupling of the detaching electron with a core
potential is realized through the S-wave scattering phase. Thus, neglect of this phase (see,
e.g., an analysis of n-photon detachment in a linearly polarized field in this approximation
in [86] or similar calculations for an elliptic polarization in the appendix of paper [77]), whose
contribution may seem negligible at first sight, leads to results that, like those for the case of
circular polarization, have none of the phase-dependent interference terms that are inherent
to (and which characterize) the ADs produced by a laser field having an elliptic (or linear)
polarization.
3.3. Comparisons with recent experiments and multielectron calculations
Recent experiments [67, 68] have measured ADs in two-photon detachment of H− by a linearly
polarized laser field. For linear polarization, the ADs are completely described by asymmetry
parameters β(n)2k , see (69) and (70). Thus, for n = 2 we have

(2),H−
lin (n) =

(2),H−
lin
4π
[1 + β2 P2(cosα) + β4 P4(cos α)], (83)
where α is the angle between n and the direction of the linear polarization, ˆ = e. The total
rate (2)lin is given by (50) with ξ = 0, l = 1. The simple analytic results for the parameters
β2 ≡ β(2)2 and β4 ≡ β(2)4 easily follow from equations (49), (72) and (73):
β2 = 10(2ω − 1)7


4ω2 + 5ω − 7 + 7|ω − 1|3/2
(
1, 1/2 < ω < 1√
2ω − 1, ω > 1
)
2(2ω − 1)2ω + 5(ω − 1)2|1 + i√ω − 1|2

 ,
β4 = 36(2ω − 1)
2ω
7(2(2ω − 1)2ω + 5(ω − 1)2|1 + i√ω − 1|2) .
(84)
Table 1 presents a comparison of our results with experimental measurements and with other
theoretical results.
Besides asymmetry parameters, the experiment of Gulley et al[67] measured the total cross
sections, σ (1) and σ (2), and estimated an upper limit for σ (3). The n-photon detachment cross
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Figure 12. (a) Asymmetry parameters β2 (thick broken curve) and β4 (thick full curve) for H−
in the δ-model approach (cf (84)) as functions of photon energy. Thin broken and thin full curves
are the results of Sa´nchez et al (1998) [107]. (b) Ellipticity dependence of the total generalized
cross section for two-photon detachment of H− for four photoelectron energies, E p = ω − 2|E0|,
chosen to be the same as in figure 4 of [77]. Full curve: ω = 0.0157 au (= 0.566 in sc. units); long
broken curve: ω = 0.0182 au (= 0.655 in sc. units); short broken curve: ω = 0.0284 au (= 1.025
in sc. units); chain curve: ω = 0.043 au (= 1.55 in sc. units).
Table 1. Photoelectron angular distribution asymmetry parameters β2 and β4 for two-photon
detachment of H−.
ω (in sc. units) β2 β4 References
0.8620 0.7 ± 0.2 2.0+0.4−0.2 Expt. [68]
0.70 2.47 This work (cf (84))
0.65 2.31 Theory [107]
1.0027 1.3 ± 0.2 2.4+0.17−0.2 Expt. [68]
1.44 2.57 This work (cf (84))
1.10 2.47 Theory [125]
1.22 2.52 Theory [107]
1.5468 2.54+0.44−0.6 2.29+0.07−0.31 Expt. [67]
2.71 2.20 This work (cf (84))
Table 2. Generalized cross sections for one-, two- and three-photon detachment of H− for
ω = 1.5468.
σ (1),H
−
σˆ (2),H
−
σˆ (3),H
−
(10−17 cm2) (10−48 cm4 s) (10−79 cm6 s2) References
3.6 ± 1.7 1.3 ± 0.5 4.4 Expt. [67]
3.65 0.96 0.13 This work (cf (85))
3.58 Theory [151]
section, σ (n), is connected with the partial decay rate, (n), in the standard way, σ (n) = (n)/J ,
whereJ = F2/(8πωα) is the photon flux (in scaled units) and α is the fine-structure constant.
For n > 1 the ‘generalized cross sections’, σˆ (n),
σˆ (n) =
[
8πωα
F2
]n−1
σ (n), (85)
are convenient for analysing n-photon detachment. (In absolute units, the dimension of
σˆ (n) is cm2(cm2 s)(n−1).) In table 2 we present theoretically calculated and experimentally
measured [67] cross sections of H− photodetachment for n = 1, 2, 3 at ω = 1.5468. Tables 1
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Figure 13. Partial and total detachment rates for H− in a linearly polarized field for n = 4 (a)
and n = 6 (b). Full curve: total rate; long broken curve: partial rate to the S-channel; short
broken curve: D-channel partial rate; chain curve: G-channel partial rate. The contribution of the
I -continuum channel (for L = 6) is negligible for the frequencies considered and is therefore not
shown.
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Figure 14. Frequency dependence of the total detachment rates for H− (divided by I n ; in scaled
units) in linearly polarized (full curve) and circularly polarized (short broken curve) fields for
(a) n = 4, (b) n = 5 and (c) n = 6. Results for l = 0 correspond to G-, H - and I -continuum
channels, respectively.
and 2 demonstrate good agreement of our simple analytical results with both experimental
measurements and more sophisticated calculations.
For a more detailed analysis of the accuracy of the δ-model potential in multiphoton
calculations for H−, in figure 12 we present the asymmetry parameters β2 and β4 (where β2 is
phase-sensitive), and also the ellipticity dependence of the total detachment rate for n = 2. Our
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results for β2,4 are in good agreement with the results in figure 2 of Sa´nchez et al (1998) [107];
the maximum difference between our results and theirs does not exceed 10%. There is similarly
good agreement of our results and theirs for the total two-photon rate for l = 1. Finally, one
observes similar agreement between our results for the ellipticity dependence of the total two-
photon detachment rate for H− shown in figure 12(b) and those in figure 4 of Nikolopoulos
and Lambropoulos [77].
In figure 13(a) we present the total rate for four-photon detachment of H− for l = 1,
calculated using equation (63). Comparison with the B-spline multielectron calculations of
van der Hart [105] demonstrates the same good agreement and level of accuracy of our results
as for the two-photon asymmetry parameters β2 and β4 discussed above. Our results even
confirm a small dip just above the first minimum (that arises from the interference of S- and
D-wave final state channels), which is slightly more pronounced in figure 13(a) than in figure 5
of [105]. This result disproves an assertion that ‘... the difference between model potential
approaches and descriptions with electron correlations included will be more pronounced in
the four-photon detachment spectrum than for lower order detachment’ [105]. Moreover, a
similarly good agreement (with only about 10% differences in the positions and heights of
the maxima corresponding to the S- and D-wave continuum channels) may be observed by
comparing the results for n = 6 in our figure 13(b) with those in figure 7 of [105].
The total rates (n) for n = 4, 5 and 6 are presented in figure 14 over an extended frequency
interval (compared with that in [105]) for two polarization states of the laser, l = 0 and 1.
These results demonstrate the interesting fact that, for high enough above-threshold frequencies
(corresponding to the absorption of a few excess photons), the efficiency of detachment by a
circularly polarized field becomes higher than that for the case of linear polarization (though
both efficiencies are very small). It means that the continuum channel with maximum orbital
momentum, L = n, is the dominant one for these frequencies. Meanwhile, for smaller ω,
the population of this channel is negligible and it is not even visible in figure 14 for n = 6.
This statement may be regarded as a general one for the PT region; we have found it to hold
for n > 6 as well. Finally, our results in figures 13 and 14 are in good agreement (with an
accuracy of about 2%) with results [102] of one-electron PT calculations of (n) for H− (for
2  n  8 and ‘below-threshold’ frequencies, 1/n  ω  1/(n − 1)).
In summary, the above comparisons demonstrate a reasonable agreement of our analytical
results with more detailed (and time-consuming) calculations. (See, however, the discussion
of figure 5 above.) We are inclined to consider such agreement for multiphoton calculations as
excellent, taking into consideration that an accuracy of 10% or better is beyond the capabilities
of recent multiphoton experiments.
4. Strong field analysis of angular distributions and ED effects
4.1. Symmetry properties of angular distributions and elliptic dichroism
In a strong field, the symmetry properties of ADs (including the ED effect) are essentially
the same as in the PT analysis of the previous section since they follow from rather general
arguments [11, 49]. In the dipole approximation, e and n are the only vector parameters of
the problem for the case of an unpolarized target atom. Thus, in any PT order (and hence
in the nonperturbative regime as well) the n-photon amplitude may involve only even (for
even n) or odd (for odd n) powers of scalar products e · n and e∗ · n. Hence, the AD
is invariant to n → −n. This inversion symmetry stems from parity conservation in the
problem considered. Also, the AD is invariant to a rotation by an angle π around the direction
of kˆ (which corresponds to the invariance of results with respect to inversion of the directions
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of the polarization unit vectors ˆ and [kˆ × ˆ], i.e. to the substitutions e → −e, e∗ → −e∗
in the cross section). This symmetry is equivalent to a rotation by π around ˆ followed by a
rotation by π around [kˆ × ˆ]. Besides the two mentioned above, no other symmetries exist for
ADs produced by an elliptically polarized laser. Moreover, there is a significant asymmetry
resulting from the change ξ → −ξ that originates from odd powers of the ED factor (cf (71)
or (75) and the discussion following equations (69) and (70)). For the δ-model potential, all
these general observations follow straightforwardly from the exact results (36) and (38), where
the coefficients φ±p depend only on l and the Bessel functions depend only on the modulus
|e · n|.
As mentioned above, the AD is invariant to a simultaneous rotation by an angle π
around the directions of ˆ and [kˆ × ˆ]. Neglecting the ED terms, ADs exhibit an additional
symmetry with respect to separate rotations by an angle π around either ˆ or [kˆ × ˆ]. The
ED terms, however, destroy this symmetry and cause the well-known asymmetry of the ADs.
Thus, this asymmetry illustrates an interesting physical phenomenon specific to an elliptically
polarized field: the light-helicity dependence of multiphoton ADs. Note that if one neglects
the coefficients fn with n = 0 (as is done to reduce the exact results for a δ-model potential
to those for the KA), the ED effect (i.e. the asymmetry with respect to ξ ) of the AD vanishes.
Finally, we note the general symmetry of ADs with respect to the substitution ξ, kˆ → −ξ, −kˆ
(which is equivalent to the change ξ → −ξ and a rotation by π around either ˆ or [kˆ × ˆ]),
i.e. the equivalence of ADs in two experiments with opposite helicities and directions of the
laser beam (cf (71)).
4.2. Total and partial rates of n-photon detachment
We analyse here the dependence of the n-photon detachment rates, (n), on intensity
and frequency in the nonperturbative domain of these parameters. For a given n, this
nonperturbative domain is bordered by the PT regime (for low intensities and/or high
frequencies) and the region of the intensity-induced closing of the n-photon detachment
threshold. We give here examples of the behaviour of the rates between these two extreme
cases. Numerical results are obtained using (36) and (38) as well as the angular integral over
the differential rate (38), in which  and φn are numerical solutions of equations (27) and (28).
Expansion of the amplitude (36) in partial waves allows us to calculate numerically the fixed
angular momentum L components of (n)(n) (i.e. partial n-photon rates). The amplitudeAn
in (36) involves an infinite summation over p, allowing in general any value of L permitted
by dipole selection rules. This reflects the possibility that virtual absorption and emission
of photons may lead to a final-state angular momentum value that is larger than n. This
possibility is specific to the nonperturbative regime since the LOPT analysis predicts only a
maximum of n quanta of angular momenta absorbed by the ejected electrons. However, our
numerical calculations show that for all the values of the parameters in the nonperturbative
regime considered by us, the contribution of the continuum channels with L higher than n is
extremely small.
In figure 15 we show the two-photon detachment dependence on frequency for the case of
linear and elliptic polarization and two (perturbative and strong) laser intensities. We prefer to
plot the dependence on the inverse frequency 1/ω (i.e. wavelength in our scaled units) since it
allows a better visualization of the low frequency region, ω < 1. As the intensity increases, the
ponderomotive shift Up moves the position of the threshold towards larger frequencies. The
curves representing the S and D rates allow us to understand the modification of the summed
two-photon rate. Qualitatively, the S and D rates have the same behaviour at all intensities:
a fixed number of maxima and minima covering the region from the threshold to the high
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Figure 15. Two-photon detachment rate for the case of linearly polarized (ξ = 0; (a,b)) and
elliptically polarized (ξ = 0.7; (c, d)) light as a function of 1/ω for two intensities: (a, c) F = 0.01,
(b, d) F = 1.0. Thin full curve: S-wave continuum channel; thin broken curve: D-wave continuum
channel; thick full curve: total two-photon rate (sum of S and D channels).
frequency limit. These maxima and minima are related to the oscillatory nature of the Bessel
functions appearing in (36). In general, for any fixed n, the number of maxima of the partial
waves when going from the high frequency, low intensity limit to the threshold ranges from
only one maximum for L = n up to [n/2] + 1 for the lowest value of L allowed by the dipole
selection rules (0 for even n and 1 for odd n). This can be observed in figure 15 where the
D-wave channel rate has only one maximum and the S-wave channel rate has two maxima and
one minimum. Changing the intensity results in the same number of maxima and minima but
changes their frequency location and the magnitude of the rates at the maxima. As the intensity
increases, the magnitudes of the maxima of both the total and partial rates increase. Also, the
maximum of the D-wave partial rate increases relative to that of the S-wave partial rate so that
the total rate changes its shape (versus 1/ω) from having a single maximum at low intensity
to having a double maximum at high intensities. All these features reflect a complicated,
intensity-dependent interference of the different detachment pathways leading to a particular
final state of the escaping electron, such as between different L-wave channels contributing to
a particular final momentum state, or between LOPT and higher-order processes contributing
to a particular electron channel. Since for circular polarization only electrons with L = n
can be ejected, as we vary the ellipticity from linear to circular the relative importance of the
L = n partial rate must increase. This can be observed by comparing figures 15(a), (b) for
ξ = 0 to figures 15(c), (d) for ξ = 0.7. For circular polarization the structure of the n photon
rate is very simple: L = n is the only allowed angular momentum and the corresponding rate
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Figure 16. n-photon rates for 1  n  6 as functions of 1/ω for circular polarization (ξ = 1) at
two intensities: (a) F = 0.01, (b) F = 1.0. Each n-photon detachment rate has only one angular
momentum component: L = n. Thin full curve: n = 1; thin broken curve: n = 2; thin short
broken curve: n = 3; thin chain curve: n = 4; thick full curve: n = 5; thick broken curve: n = 6.
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Figure 17. Three-photon detachment rate as a function of 1/ω for elliptic polarization (ξ = 0.7)
and two intensities: (a) F = 0.1, (b) F = 1.0. Thin full curve: P component; thin broken curve:
F component; thick full curve: total three-photon rate (sum of P and F components).
has only one maximum. Figure 16 shows examples of the dependence of n-photon rates on
1/ω for the case of circular polarization and for the same intensities as in figure 15.
In figures 17 and 18 we show additional examples of partial wave decompositions for the
three- and five-photon rates for the case of elliptical polarization. The three-photon rate has a
behaviour that is similar to that of the three-photon rate, with the same number of oscillations
in the P component rate as in the S component rate for two photons and with the F component
rate similar to that of the two-photon D component rate. A new feature in figure 17 is the
sharp variation of the total and partial rates associated with the closing of the two-photon
channel. This feature appears at the position ω = 0.5 (1/ω = 2) for low intensity and at
higher frequency for larger intensity. One can notice that the size of the feature grows with
intensity. The same features can be seen in figure 18 at the closing of the two-, three- and
four-photon detachment channels. Common to figures 15,17 and 18 is the fact that, at high
frequency, the high L component is dominant, while closer to the threshold, other L partial
waves may be dominant. In the region very close to the threshold, the onset of the Wigner
threshold law regime is realized in which the lowest L partial rate dominates over higher L
partial rates, which fall off faster towards zero, according to Wigner’s law.
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Figure 18. Same as figure 17 but for five-photon detachment, where now the chain curve denotes
the H-wave partial rate and the full curve is the sum of the P-, F- and H-wave partial rates.
The intensity dependence of the n-photon rates as well as that of the partial rates looks
very similar to their dependence on the inverse frequency. The reason is that, as may be seen
in (B.1), the matrix elements in the system of equations (27) that determine the coefficients
φn depend on F and 1/ω in a similar way. There is an additional dependence on ω in the
coefficients of the series but, for the parameters considered, this dependence is very weak. We
have the situation of a quasiscaling with the parameter F/ω2; therefore the dependence on F is
similar to that on 1/ω2. In figure 19 we present the dependence of (n) (and of its partial rates
for particular values of L) on the laser amplitude F for n = 2, 3 and 5, respectively, for the
same ellipticity (ξ = 0.7) and for two frequencies: ω = 0.8 and 1.5. The intensity is varied
from small, perturbative values up to the value for which the Up shift closes the particular
n-photon channel. Near the two- and three-photon thresholds, we see the much faster increase
of the low L rates, S and P, followed by a region where the D and F rates dominate. In the
low intensity part (not visible in the figures), which of the partial rates is dominant depends
on the value of ω; this information can be extracted from the previous figures showing the ω
dependence for low intensities. From figures 19(e), (f) one can see that, for higher numbers
of photons, the lower L components have increasingly more oscillations while the component
with L = n has the least rapid variation and, except for threshold-induced anomalies, only one
broad maximum. One can notice these distinct TAs in both the partial rates and the total rate.
They are associated with the closing of the lower-order detachment channels [135].
4.3. Three-dimensional angular distributions
As in the PT analysis, we find it more instructive to show 3D plots of the differential rates
(n)(n). These rates are obtained using the exact result given by equations (37) and (38).
Since we are interested in the change of the AD as the intensity is varied over a large range,
thus leading to large variations of the rates, we rescale our results such that all of the 3D
figures have approximately the same size. Figure 20 shows the ADs for two- and three-photon
detachment as the intensity is increased from low intensity up to that which closes, respectively,
the two- and three-photon detachment channels. For low perturbative intensities, the electrons
are ejected mainly along the major polarization axis. However, as the intensity increases, the
interplay between the various L components can lead to significantly different ADs. In the
simplest cases of two- and three-photon detachment, the interplay between the S and D (or P
and F) components in the region preceding the onset of the Wigner threshold law regime can
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Figure 19. n-photon detachment rate as a function of laser amplitude, F , for the case of elliptic
polarization (ξ = 0.7) for two frequencies, ω = 0.8 (left panels) and ω = 1.5 (right panels).
Thick full curves represent total n-photon rates. (a, b) Thin full curve—S-wave component; thin
broken curve—D-wave component. (c, d) Thin full curve—P component; thin broken curve— F
component. (e, f) Thin full curve—P component; thin broken curve— F component; thin chain
curve—H component.
lead to a cancellation of the detachment amplitude along the major polarization axis for certain
values of the intensity and the frequency [78]. This effect is illustrated in figure 20 where one
sees that, in the region of intensities shown in the third and fourth rows, the probability for
two- and three-photon detachment along the ˆ axis passes though zero. This situation can be
realized for any polarization that allows the existence of several angular momenta in the final
state, i.e. for any polarization except circular. For circular polarization, the AD is always that
corresponding to an L = n partial wave and does not change its shape as either the frequency
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Figure 20. Two- and three-photon detachment ADs (i.e. n = 2, 3) as functions of the laser
amplitude F for the fixed frequency, ω = 0.8, and two different polarizations. First column:
n = 2, ξ = 0.0 (linear polarization); second column: n = 3, ξ = 0.0; third column: n = 2,
ξ = 0.7; fourth column: n = 3, ξ = 0.7. For each case, five values of F are given, in which the
lowest, F = 0.01, corresponds to the perturbative regime and the highest is just at the intensity-
induced closing of the n-photon channel. The different figures have been scaled in order to have
the same size.
or the intensity is varied. The unusual ADs obtained for linear and elliptic polarization can be
understood as resulting from quantum interference between the different angular momentum
states in the intermediate region between the perturbative regime and the Wigner threshold
law regime. For the highest value of the intensity shown in each figure, which in each case is
close to the corresponding threshold, we see that the S and P waves are dominant for two- and
three-photon processes, respectively, in agreement with Wigner’s threshold law (cf the bottom
row of figure 20).
The oscillation pattern of the ADs for the case of linear polarization was mentioned
in earlier quasiclassical (saddle point) calculations (see equation (53) in [1](c) and the
discussion after equation (23) in [1](b)) and was analysed later in more detail by Gribakin
and Kuchiev [128] using the Keldysh approach. In these analyses the angular momentum
components of the escaping electron were not resolved; instead, the oscillation pattern is
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Table 3. Photoelectron AD asymmetry parameters β2k for two-photon detachment of H− by the
linearly polarized field of frequency ω = 0.758 (λ = 2.15 µm). 10n ≡ (n).
I (W cm−2) β2 β4 β6 β8 References
1.3(11) −5.49(−1) 1.97 −4.55(−2) 4.37(−4) Equations (38), (37)
−3.62(−1) 1.84 −4.18(−2) 3.95(−4) [153]
2.35(−1) 2.41 0.34(−2) 58.9(−4) [128] a
2.22(−1) 2.39 −5.59(−2) 5.41(−4) Equations (38), (45)
6.5(11) −1.32 3.63(−1) −1.20(−2) 1.75(−4) Equations (38), (37)
−1.19 2.87(−1) −0.77(−2) 0.91(−4) [153]
−1.37 3.92(−1) −1.08(−2) 2.67(−4) [128] a
−1.42 4.34(−1) −1.58(−2) 2.52(−4) Equations (38), (45)
a Entries for [128] are taken from table II of [153].
interpreted as stemming from the interference between contributions of two saddle points
corresponding to two peak values of the field amplitude over the laser period. Recently the
suppression of electron yield along the direction of linear laser polarization has been measured
by Reichle et al [71] in two-photon detachment of H− at ω = 0.758, and their experimental
results (for two laser intensities, 1.3 × 1011 and 6.5 × 1011 W cm−2) were found to be in
agreement with the KA results [128]. Very recently, more sophisticated calculations have
been performed [153] (based on the numerically intensive methods described in [126]) with
results that differ only slightly from those in [128], primarily for the lower intensity. In table 3
we compare the above-mentioned results for the AD asymmetry parameters with our results
obtained using the exact equations (38) and (37) and also our results using the ‘exact’ KA
amplitude (45) (i.e. beyond the adiabatic approach used in [128]). For the lower intensity, one
sees that our exact results are in reasonable agreement with those in [153], while for the higher
intensity all results are in reasonable agreement.
Figure 21 shows the AD of all the ejected electrons, (n) = ∑n (n)(n), regardless of
their energy. For low intensities, the two-photon channel is the dominant process and the total
AD (n) is very similar to that for two-photon detachment. For higher intensities, the ATD
rates become increasingly more important. Several partial rates contribute equally to (n). As
the intensity increases, (n) has a very different form from those of the individual n-photon
rates (n)(n) shown in figure 20. We see in particular that in the region of intensities for which
the two- or three-photon rates have close to zero electrons ejected along the major polarization
axis, (n) does not preserve this property. Higher-order processes are more important and
completely mask the effect. Indeed, as the intensity increases, (n) is increasingly localized
along the major polarization axis ˆ.
4.4. Elliptic dichroism in a strong field
To analyse the frequency and intensity dependence of ED in the nonperturbative regime, we use
the same ED parameter, δ(n), as in the LOPT case, (77), where the differential rates are measured
in the direction of the geometrical maximum of the effect (cf figure (1) and equation (71)):
θ = π/2 (i.e. in the polarization plane) and α = β = π/4 (i.e. halfway between the major and
minor axes of the polarization ellipse). We also define the total ED parameter for the total AD
(n), δ(total), by replacing the n-photon AD (n)(ξ;n) in (77) by (ξ;n) = ∑n (n)(ξ;n).
4.4.1. Frequency dependence. In figure 22 we present the frequency dependence of δ(n) with
n = 2, 3, 4, 5 for three nonperturbative intensities. Similar results for the PT regime were
discussed in section 3.2 (figure 10). Aside from the frequency shift of the entire structure of
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Figure 21. Total detachment ADs (summed over n) at ω = 0.8 and ξ = 0.7 for ten values of the
laser amplitude, F , as indicated in the figure. The different figures have been scaled in order to
have the same size.
the curves due to the Up shift, one also sees that the ED in the three- and five-photon detachment
cases is nonzero even in the region 1/3 < ω < 1/2 and 1/5 < ω < 1/4, respectively, which
contrasts with the perturbative case. The ED in these frequency regions increases with the
laser intensity owing to higher-order processes which, by interference with the lowest-order
ones, produce the ED effect. The oscillations of δ(n) can be traced to the oscillatory nature of
the Bessel functions that determine the ADs, as discussed in section 3.2. Note that, in the limit
of the Wigner law regime, in which one L component is dominant, the ED tends to zero since
the AD in this region is that of a pure S or P distribution and all interference effects disappear.
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Figure 22. Frequency dependence of the ED parameter δ(n) for elliptically polarized light
(|ξ | = 0.7) and for three nonperturbative intensities. Full curve: F = 0.1; broken curve: F = 0.5;
chain curve: F = 1.0. (a) n = 2; (b) n = 3; (c) n = 4; (d) n = 5.
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Figure 23. The total ED parameter for |ξ | = 0.7 plotted versus 1/ω, for three intensities. Full
curve: F = 0.1; broken curve: F = 0.5; chain curve: F = 1.0.
Figure 23 shows the total ED parameter as a function of 1/ω for three intensities. The large
maxima can be identified as arising from the large ED effect in a single n-photon channel. For
low frequency the contributions of a large number of channels, each having a large number of
oscillations, tends to reduce the ED effect in (n). However, for higher intensity (F = 1) we
note an interesting effect: towards low frequencies the ED parameter shows a decreasing trend
which does not stop at zero but continues increasing in absolute value towards negative values.
This region corresponds to large maxima (in absolute value) in the n-photon ED parameters
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Figure 24. ED parameter as a function of the laser amplitude, F , for ω = 0.8 and |ξ | = 0.7. Thick
curve: total ED parameter; thin curves: n-photon ED parameters with n indicated in the figure.
that appear just before the onset of the Wigner law regime for each n-photon process. The
magnitudes of these maxima increase with intensity and lead to an overall decreasing trend in
the total ED.
4.4.2. Intensity dependence. The ED of different n-photon detachment processes, as well
as the total ED, are plotted in figure 24 as functions of F for ω = 0.8. We can see large
variations of the ED parameter for the various n-photon rates, which can be considerably
larger than those of the total ED parameter. For each n-photon process, the dichroism has an
oscillatory variation starting in the perturbative region and ending in the threshold regime. A
feature common to all the examples presented is the deep minimum present in the n-photon
ED parameter near the closing of the high n channels. As for the ω dependence, these minima
lead to a decreasing trend in the total ED parameter for high intensities. This can be observed
in figure 25(a) where we plot the ED parameter, δ, corresponding to the total detachment
yield for several different frequencies. Even though a higher intensity can significantly change
the magnitude of the asymmetry, the scale on which these changes appear is strongly related
to the magnitude of the asymmetry in the perturbative domain of intensities. For example,
at ω = 0.4, the asymmetry is exactly 0 at low intensity and does not exceed 0.1 at high
intensities well into the nonperturbative regime. In contrast, for ω = 0.8 each δ(n)(n  2) has
a considerable magnitude at low intensities and consequently so does the total δ, including also
as one increases the intensity. Figure 25(a) shows that the ED effect is important in the range
of intermediate and high frequencies, while for smaller frequencies (ω = 0.5 and 0.4) the ED
parameter oscillates with smaller amplitudes. Another feature that can be seen in figure 25(a) is
the generally decreasing trend of the asymmetry (extending to negative values) that is common
to all frequencies considered. The decrease continues below the value 0 so that the absolute
value of the asymmetry increases at higher F . This trend is especially interesting at the low
frequency, ω = 0.4, where it appears that an increase of F will cause a significant asymmetry
in spite of the small value of δ at small and medium values of F .
One would expect a decrease of the ED effect as the intensity increases, due to the decrease
of the relative importance of the binding potential. It has already been mentioned that it is
essential to account accurately for the atomic potential (beyond the KA) in order to model the
ED effect. One might therefore assume that, as the intensity increases, the relative importance
of the binding potential decreases and thus the ED effect decreases. However this assertion is
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Figure 25. Total ED parameter as a function of the laser amplitude, F , for |ξ | = 0.7. (a) The results
for different frequencies (full curve: ω = 0.4; broken curve: ω = 0.5; chain curve: ω = 0.8;
dotted curve: ω = 1.0). (b) The result for ω = 0.8 including (full curve) and neglecting (broken
curve) the imaginary part of the quasienergy.
contradicted by our results shown in figure 25(a), and therefore a different mechanism must
be responsible for the nonzero dichroism observed at high intensities. Aside from the fact
that the binding potential leads to nonzero coefficients φn having imaginary parts, there is an
additional reason for the origin of the ED effect. The imaginary part of the ATD amplitude
which multiplies the kinematic factor (71) to produce the ED terms in (n)(n) can appear due to
the complex part of the quasienergy, as measured by  = −2 Im .  is small at low intensities
and cannot affect the ED significantly. However, for high intensities,  increases very sharply
and its contribution to the ED parameter increases correspondingly. We show the importance
of this contribution in figure 25(b), where we plot the total ED parameter calculated with the
exact quasienergy and with the approximation Im  = 0. (Note that the latter approximate
calculation is done using the exact values of the complex coefficients φn , and therefore the
potential is taken into account beyond the KA.) The two results are very close to each other
for low intensities, but differ significantly for high intensities, where Im  is large. While the
exact calculation shows the decreasing trend, the one that neglects Im  decreases and then
stays approximately constant as I increases. We can conclude that the increasing trend (in
absolute value) as intensity increases relates to the direct contribution of Im .
5. Photodetachment in a strong, high frequency field (ω > 1)
In many cases the photon energy of the fundamental or lower harmonics of existing intense
lasers exceeds the binding energy of a weakly bound electron in a negative ion. In such cases
the ‘high frequency’ regime of their decay is realized when the direct laser detachment channel
is open, i.e. ω > 1. Although we have already mentioned in section 4 some peculiarities of
the ω and F dependences of the total rates and ADs for the case of ω > 1, in the present
section we analyse this important case in more detail. This question is closely related to the
widely discussed general problem of strong field atomic stabilization, i.e. to the somewhat
counterintuitive regime of atomic ionization in a high frequency field in which the decay
probability appears to be a decreasing function of laser intensity. Although theoretical models
of such stabilization were suggested more than 10 years ago [154, 155] (see also [156, 157] as
well as recent reviews [158, 159]), there still does not exist an exact solution of this problem
for an electron bound by Coulomb forces in a superstrong laser field. Thus there does not
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exist a complete understanding of the dependence of this interesting nonlinear phenomenon
on the atomic and field parameters in the ultrastrong field limit. In particular, the theoretical
models predict an unlimited (possibly oscillatory) decrease of the ionization rate  as the field
amplitude increases (see [159]). On the other hand, the results of numerical calculations
have demonstrated that the decrease of decay rates for a Coulomb potential [157, 160]
covers only a limited interval of laser intensities. Moreover, existing experiments on atomic
stabilization [161] provide only limited information on its intensity dependence. Although
stabilization was originally identified as a property of decay rates (quasistationary stabilization,
QS), in recent years the wavepacket version of stabilization (or ‘dynamic stabilization’,
DS) [156, 162] has attracted interest. DS originates from the pulse form of a laser field
rather than from any intrinsic property of the atom in a strong monochromatic field. Thus
DS means that the total ionization probability at the end of a fixed-duration laser pulse does
not approach unity with increasing peak intensity. However, a detailed analysis [163] (see
also [160]), which uses the QQES as an adiabatic basis for the laser pulse, has shown that DS
has essentially the same (quasistationary) origin as QS.
Though short-range potential models are deemed to be appropriate for the study of QS,
analyses employing them sometimes show contradictory results. In particular, for the one-
dimensional δ model, there have been claims both for the existence of QS [164] and for its
non-existence [165]. The absence of QS for the three-dimensional δ-model potential in a
circularly polarized field is claimed in [166]. The more exact analysis in [167] does not give
a definitive result for the high intensity limit. Finally, a number of authors deny the existence
of stabilization based on formal mathematical arguments, in particular, of QS for ionization
from a δ potential [168] and of DS in pulsed fields [169]. However, these arguments take the
form of existence theorems valid for I → ∞ and do not restrict the existence of a decreasing
(stabilization-like) trend of (I ) in a limited interval of intensities. A recent exact analysis of
the QS problem for an electron in a δ-model potential [134] shows that precisely this situation
is realized in the nonperturbative regime (up to the closure of the one-photon channel) for
above-threshold frequencies (ω > 1) for any polarization state of the laser field. The lack
of QS in an asymptotically strong field follows from a more general statement [170] on the
equivalence of the effect of a superstrong monochromatic field on a weakly bound electron to
that of a strong static electric field (in which case QS is clearly absent).
In what follows, we examine the frequency and intensity dependence of the detachment
rates in the high frequency regime. We first examine the perturbative (in intensity) behaviour
of the one-photon detachment cross section, showing that a decrease with increasing intensity
occurs even in the perturbative region. This decrease (or stabilization) breaks down at the
closing of the one-photon threshold. Our exact results show in fact that stabilization-type
behaviour occurs in the vicinity of each n-photon threshold. We also present exact results for
the ADs in the high frequency regime.
5.1. Higher-order corrections to the one-photon detachment cross section
For a high frequency field, the PT expansion of the decay rate may be applicable up to high
intensity, I  1. Therefore, we first present analytical results for the intensity-dependent
corrections, ∼I and ∼I 2, to the well-known photodetachment cross section, σ0, for a short-
range potential:
dσ0
d
= 3
4π
σ0|e · n|2, σ0 = 32πα3ω3 (ω − 1)
3/2. (86)
Since the PT expansion for the complex quasienergy  (and, therefore, for decay rates in
a monochromatic laser field) is convergent [143, 171], it means that an exact, strong laser
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field generalization of (86), dσ (1)/d, has a regular, convergent RS expansion in the (scaled)
intensity, I = F2, for not too high I :
dσ (1)
d
= dσ0
d
+ I σ1 + I 2 σ2 + · · · . (87)
Moreover, in the BW version of an expansion like (87) (see (89) below), the parameters
σi = σi () are I -dependent (owing to their dependence on  = (I )). Thus, in the same
order, ∼I n , the accuracy of the BW expansion may be substantially higher than that of the RS
expansion since the nth-order BW result includes summations of many infinite subsequences
of the RS expansion, which originate from the RS expansions of the parameters σi () in I .
The standard PT calculation of even the first RS correction, σ(1), is not a simple
problem since in such an analysis in addition to the calculation of third-order Feynman
diagrams (which correspond to the re-emission of a photon) one must also take proper
account of the so-called ‘secular’ and normalization terms, which occur in higher orders
of PT (see, e.g., [172]). Moreover, the contributions of separate Feynman diagrams involve
(non-regularizable) singularities that cancel only in the total amplitude [173]. In our analysis
the problem is simplified because we start from the result (38) for n = 1, i.e. we deal directly
with the exact amplitudeA1, thereby avoiding PT calculations of separate Feynman diagrams,
etc. To obtain the BW PT expansion of dσ (1)/d up to terms ∼I 2, we expand the Bessel
functions in the amplitudeA1 in (36) up to terms ∼F5. Note that only the coefficients φn with
n = 0 and ±1 contribute for this case. The final BW result is
A1(E) = i F
ω2
√
E − ω
{
φ0
[
1 − F
2
2ω4
(ω − E)|e · n|2 + F
4
12ω8
(ω − E)2|e · n|4
]
(e · n)
+ φ1
[
1 − F
2
2ω4
(ω − E)|e · n|2
]
(e∗ · n) − φ−1 F
2
6ω4
(ω − E)(e · n)3
}
, (88)
where φ±1 and φ0 are given by (B.5) and (B.6) and their expansions up to ∼F4 contribute to
A1(E). The resulting three-term BW expansion for the one-photon detachment cross section
may be written as follows:
dσ (1)BW
d
= 16πα|φ0|2 |ω − E |
3/2
ω3
{
|e · n|2 − F
2
ω4
Re
[
(ω − E)|e · n|4 + lD1(E − ω)(e
∗ · n)2√
E − 2ω − 1
]
+
F4
ω8
[
l2
4
|e · n|2
∣∣∣∣ D1(E − ω)√E − 2ω − 1
∣∣∣∣
2
+
|e · n|6
4
(
|ω − E |2 + 2
3
Re(ω − E)2
)
+ l|e · n|2
[
(ω − Re E) Re
(D1(E − ω)(e∗ · n)2√
E − 2ω − 1
)
+ Re
( D1(E + ω)√
E + 2ω − 1
ω − E
6
(e · n)2
)]
− l Re
( D2(E − ω)√
E − 2ω − 1 (e
∗ · n)2 + D1(E − ω)D1(E − 2ω)(e
∗ · n)2
(
√
E − 2ω − 1)2
)]}
.
(89)
Despite its apparent complexity, dσ (1)BW /d is only a combination of simple functions D1 and
D2, which are defined in (B.2). Thus, it is even somewhat unexpected that the summed result
of high-order PT corrections to the (linear in F) LOPT photodetachment amplitude up to terms
∼F5 can be presented in an accessible analytical form (89). Integrating (89) over , we find
the total cross section in the BW approach. Including terms up to order F2, the result is
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σ
(1)
BW =
64
3
π2α|φ0(E)|2 |ω − E |
3/2
ω3
×
{
1 − F
2
ω4
[
2 + l2
5
(ω − Re E) + l2 Re
( D1(E − ω)√
E − 2ω − 1
)]}
. (90)
To obtain the RS results, the (complex) parameter E = γ 2 −  in (89) and (90) should
be expanded in powers of F2 (see (B.14) and (B.15)–(B.18)) taking into account also the E
dependence of the normalization factor φ0 (see (B.6)–(B.8)). Then the resulting terms up to
order F4 on the rhs of (89) should be collected. Since the final results are too cumbersome
to present here (as they correspond to the fifth order of standard (RS) PT), we present here an
explicit form only for the linear in I RS correction to (87):
σ RS1 =
8α
3ω7
√
ω − 1
{
|e · n|2[√ω + 1(ω2 − 7) + 14 − 8ω]− 3|e · n|4(ω − 1)2
+ l Re{(e · n)2} (ω − 1)
ω
[
1 + 2ω(ω − 1) − (ω − 1)3/2√2ω − 1]
+ l Im{(e · n)2} (ω − 1)
2
ω
[√
2ω − 1 − √ω − 1]}. (91)
The total photodetachment rate including the lowest two orders of RS PT is

(1)
RS =
4F2
3ω4
(ω − 1)3/2 + 4F
4
9ω8
√
ω − 1
{√
ω + 1(ω2 − 7) − 2
5
(3ω2 + 14ω − 32)
+ l2
ω − 1
ω
[
1 +
7
5
ω(ω − 1) − (ω − 1)3/2√2ω − 1
]}
. (92)
Note the smoother threshold behaviour, ∼√ω − E , where E = 1, of σ RS1 compared
to that of σ0, which originates from the S-wave part of the detached electron’s final-state
wavefunction in the third PT order12. Thus, the strong field corrections are most important for
near-threshold frequencies. The term ∼l Im{(e ·n)2} in (89) and (91) describes the ED effect,
see (71). We note the considerable threshold suppression of the ED term, ∼(ω − 1)2, as well
as its smallness at high frequencies (by a factor ∼ω−1) compared to the leading terms in (91).
This is the reason that the numerical value of the ED parameter in the AD (1)(n) is small
(although nonzero) and does not exceed a fraction of one per cent for any frequency ω > 1.
Although the field amplitude F is a formally small parameter of the PT analysis, the actual
parameter of the PT expansion (87) is I/ω4 (see (89) and (92)). Thus, for ω > 1 a few orders
of RS or BW PT expansions give a reasonable result for dσ (1)/d for even high intensities up
to I = F2  1. In figure 26(a) we present the frequency dependence of the total rates σ (1)RS
and σ (1)BW for F = 0.5(I = 0.25) taking into account the terms of order I and I 2. The BW
result is obtained from (89) with the quasienergy  calculated from equations (B.7) and (B.9).
As mentioned above, the intensity corrections are most important near the threshold, where
the BW result is more accurate than the RS one. The curve for σ (1)BW in figure 26(a) starts from
the dynamical threshold, ωth(F) = − Re , which is shifted from ωth(0) = 1 because of the
(negative) Stark shift. Generally, the RS curve for σ (1) starts from the unshifted threshold,
ωth(0), although the result (92) gives a negative value of (1) for 1 < ω < ωth(F). (These
physically senseless results for the decay rate are not presented in figure 26(a).) This fact
indicates the breakdown of high-order RS results in the near-threshold domain. Formally, this
inaccuracy is caused by the use of power expansions (in F) of threshold factors reducing (90)
12 The terms of order F2 in the BW results (89) and (90) also have a threshold behaviour ∼|√ω − E |, as may be
verified from the threshold behaviour of the φ0(E) and D1(E − ω) functions.
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Figure 26. One-photon detachment cross section of H− in a linearly polarized laser field. Short
broken curve: the LOPT result, σ0; full curve: the BW result, σ (1)BW , taking into account corrections
∼I and I 2; long broken curve: the RS result, σ (1)RS , taking into account corrections ∼I and I 2.
(a) Frequency dependence for F = 0.5. (b) Field dependence for ω = 1.61.
to (92). With increasingω, the intensity corrections become negligible up to I ∼ 1. The general
result of high-order PT corrections is the lowering of the one-photon cross section in a strong
field compared with σ0. This suppression increases with increasing F , as is demonstrated in
figure 26(b) for a fixed frequency ω. The RS PT breaks down for F > 1 while the three-term
BW result is correct. Comparison with the exact numerical results shows that terms of order
∼I 3 and higher change the BW result by less than 2% up to F  1.5.
5.2. The quasistationary stabilization regime
The results of the previous section show that, as F increases, for a high frequency field, the
PT regime, in which (1) ∼ F2, evolves smoothly into a ‘stabilization-like’ behaviour (i.e. the
detachment rate decreases). The PT analysis demonstrates clearly the onset of this stabilization
behaviour. Moreover, in strong fields, even for high frequencies, ω > 1, the contributions of
two- (and more) photon detachment channels become important. Thus, in this case the F
dependence of the total rate  should be analysed. In figure 27 we present the results of exact
numerical calculations for (F) [170] (see also [134, 174]) for different values of l and for
ω = 1.5, which corresponds to the case of H− irradiated by a Nd:YAG laser. One sees that the
stabilization behaviour breaks down at the closure of the one-photon ionization channel, i.e. at
F = F (1)th . One sees also that the threshold structure of (F) at higher thresholds F = F (n)th
(corresponding to the closure of higher-n ATD channels with n  2) is significantly different
from that for n = 1 and depends sensitively on the laser polarization. Note that the finite value
of  at F = F (1)th (where (1) vanishes) results from the contributions of partial rates (n) for
n-photon ATD with n = 2, 3, . . ., whose F dependence (for n > 2) is essentially perturbative
for F ∼ F (1)th . This feature is rather clear in figure 28, where the partial rate contributions to 
are presented separately. With increasing F in the superstrong field limit, F  1, the decay
rate increases with no limit (see section 7).
One general comment is necessary concerning the physical interpretation of  = −2 Im 
in strong and superstrong field regions (see section 6) when the magnitude of  can be of
order unity,  ≈ 1 (see, e.g., figures 27 and 35). Obviously, in such cases the concept of the
decay rate becomes inapplicable both formally (since the exponential decay law only applies
for   |Re |; see, e.g., [81, 175] for details) and physically (since the idealization of a long
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Figure 27. F dependence of the total detachment rate  for ω = 1.5. Thick full curve: l = 0; thin
broken curve: l = 0.22; thin chain curve: l = 0.47; thin dotted curve: l = 0.72; thin full curve:
l = 1. Open circles: the LOPT result for (1) ∼ F2. Full circles: PT result for (1)+(2)(including
terms up to order F4) for l = 0.72.
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Figure 28. Partial rate contributions (n) to the F dependence of  for ω = 1.5 and ξ = 0. Thin
full curve: (1); broken curve: (2); chain curve: (3); dotted curve: (4); full curve with full
circles: (5); thick full curve: .
monochromatic laser pulse fails if the ionization time is of the order of the atomic period).
Moreover, in reality superstrong fields are produced in the form of short pulses; thus the constant
laser amplitude F is changed to that of a pulse envelope, F → Fmax f (t) (with Fmax its peak
value and f (t) its temporal shape function), and the total ionization probability at the end of a
pulse, Wtot , measures the experimental ionization or detachment yield. Although the correct
calculation of Wtot requires a numerical solution of the TDSE, a reasonable approximation for
Wtot gives an adiabatic result
W (ad)tot = 1 − exp
[
−
∫ ∞
−∞
(Fmax f (t)) dt
]
, (93)
based on the instantaneous decay rates (Fmax f (t)). As shown in [160, 163, 176], the close
agreement of exact results for Wtot with W (ad)tot extends well into the DS regime, e.g. for H(1s)
up to 5 cycle pulses with Fmax  10 au [160]. This means that DS originates from QS of
decay rates , and that even for strong, short pulse fields, the QQES approach does not lose
its significance, thereby providing a convenient adiabatic basis.
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Figure 29. Ellipticity dependence of the total AD, (n), at ω = 1.5 and F = 1.35 (in the plane
of laser polarization). Dotted curves: LOPT result for n = 1.
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Figure 30. Same as figure 24 but for ω = 1.5.
5.3. Angular distributions and ED for ω > 1
The total (summed over n) AD, (n), in the stabilization and ‘post-stabilization’ regions is
rather simple. In figure 29 we present (n) for ω = 1.5 and for F = 1.35 that lies in the
stabilization interval, F < F (1)th , close to F
(1)
th . For linear polarization, strong field effects
result in a narrowing of the ADs as compared to the LOPT result for n = 1. Similarly, for
F (1)th < F < F
(2)
th , the dependence of (n) on F (not shown) is largely due to (2)lopt (n), both for
ξ = 0 and for ±0.69. Consequently, the AD in this region is similar to that shown in figure 29,
since there also (n) is dominated by the contribution of (2)(n) since the n = 1 threshold is
closing. Note the signature of ED in figure 29: although for (1)(n) the ED parameter is small
up to F ≈ F (1)th , in figure 29 the ED originates primarily from the two-photon ATD channel,
(2)(n), whose contribution, as just noted, is dominant at F ≈ F (1)th . The ED parameters δ(n)
and δ(total) for ω = 1.5 are presented in figure 30 over a wide interval of intensities. Concerning
the strong field behaviour of the ED parameters (when a few of the ATD channels are closed),
the same arguments as for the results in figure 25(b) for ω = 0.8 are valid: the increasing trend
(in absolute value) of δ(n) and δ(total) with increasing F is caused completely by the increase of
Im  (or, equivalently, by the total rate ) in the superstrong field limit. As will be discussed
in the next section, in this limit the dependence of  on F exhibits a universal behaviour that
is largely independent of the frequency.
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6. Static-electric-field behaviour of decay rates in superstrong fields
6.1. General remarks
The accurate description of the intensity dependence of the decay rate of a bound level over a
broad interval of laser frequencies is one of the challenging problems of strong field laser–atom
physics. Existing qualitative results obtained from nonperturbative (in the intensity) analyses
of atomic decay rates depend significantly on the relation between the laser frequency ω and
ω0 = 1 (=|E0|/h¯ in absolute units), as well as on the relation between the laser amplitude
F and F0 = 1 (=
√
2m|E0|3/|e|h¯ in absolute units). For small frequencies, ω  1, and field
strengths F  ω, or equivalently for γ < 1, the tunnelling regime for the decay is realized,
which is applicable only for weak (although nonperturbative) fields, F  1. For the case
of ground-state atomic hydrogen, H(1s), Pont et al [177, 178] performed a low frequency
analysis of the decay rate  beyond the KA (up to F  0.2) using the ω2 expansion of
the complex quasienergy within a basis of quasistationary states of the hydrogen atom in a
static electric field (whose magnitude was equal to that of the instantaneous laser field, see
below). For ω = 0.134 (λ = 616 nm), the comparison of the F dependence of these ‘static-
field-based’ results with the exact ones shows a reasonable agreement (which becomes better
for stronger F) except for the structure seen in the exact (F), which is due to Rydberg
levels shifting in and out of resonance as the intensity varies. With increasing F (e.g. for
F  0.2 in the case of H(1s)), over-barrier ionization becomes important. Recently, the over-
barrier decay rate  in the low frequency limit, ω  1, has been obtained by Popov [39]
by an adiabatic cycle-averaging of the Stark width stat for a strong static electric field.
It demonstrates a surprisingly linear dependence of  on F (the ‘intermediate’ asymptotic
regime [39]):
 ≈ k(F − Fcr ), (94)
where the fitting parameters k and Fcr do not depend on F over a wide fitting interval
(e.g. 0.6 < F < 2 for H(1s)) and are smooth functions of the laser ellipticity. For above-
threshold frequencies, ω > 1, and in the strongly nonperturbative regime, the concept of
QS of atomic decay rates is conventionally understood to be applicable, in which case (F)
has a decreasing trend with increasing F (see section 5). However, for a Coulomb potential
the existence of a stabilization regime for decay rates in the ultrastrong field limit is still an
open question. Moreover, for a short-range potential, as discussed previously in section 5.2,
a stabilization-like behaviour exists only over a limited interval of intensity, after which
 tends to increase without limit with increasing F (on average, with fluctuations due to
TAs).
In order to show the general features of(F, ω)over broad intervals of F andω, in figure 31
we present exact numerical results for (F, ω) for the case that l = 0.72 for frequencies in
the interval 0.15 < ω < 2 and for four different values of F between F = 0.01 (PT region)
and F = 1.0 (strong field regime) [170]. For weak F , (ω) exhibits typical perturbative
behaviour, i.e. a step-like increase as ω increases that results from the sequential contributions
of the n-photon partial rates, (n) ∼ F2n , with n0 (the minimum number of photons necessary
for ionization) becoming smaller as ω increases. As F increases, the stair-step behaviour
gradually disappears as (ω) becomes nearly insensitive to ω for essentially nonperturbative
values of F . This unusual behaviour of (ω) at high F allows us to assume that, in the strong
field limit, the decay mechanism itself becomes essentially independent of the frequency, even
in the ω > 1 domain. In the next section we present the analytical basis for this result.
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Figure 31. 1/ω dependence of the total detachment rate  for four values of F , as indicated in the
figure, and for l = 0.72.
6.2. ω2 expansion for the complex quasienergy
To analyse the strong field regime in more detail, instead of the conventional representation (11)
for a quasienergy state, we use the following one:
(r, t) = χ(r, t) exp
(
−i
∫ t
E(t ′) dt ′
)
, (95)
where (r, t) is the solution of the Schro¨dinger equation for a Hamiltonian H (r, t) =
Hat(r) + V (r, t), where Hat(r) describes the atom and V (r, t) = r · F (ωt). The periodic
functions χ(r, t) and E(t) satisfy the following equation:(
Hat(r) + r · F (ωt) − E(t) − i ∂
∂ t
)
χ(r, t) = 0. (96)
Since  , χ and E(t) are periodic in time, the quasienergy  is the cycle average of E(t):
 = 1
T
∫ T
0
E(t) dt, where T = 2π/ω. (97)
Equations (95)–(97) are very general and were used by Langhoff et al [172] in their analyses
of so-called ‘secular terms’ in higher orders of PT (in V ) and by Pont et al [178] in the low
frequency analysis of the ionization of H(1s). In [178] the formal development of a PT in
W = −i ω ∂/∂τ , where τ = ωt , is presented for calculations of χ(r, t) and E(t) based on
the instantaneous state, χ(0)(r, t), with energy E (0)(t), of an atom in a static electric field of
strengthF = |F (ωt)|. In what follows, we employ such an approach to analyse the frequency
dependence of  for the δ-model potential in the strong field limit [170]. Since we do not
assume that ω is small compared to the binding energy |E0|, the key issue is to calculate the
next order correction, E (2)(t) ∼ ω2, to E (0)(t) in order to estimate the accuracy of the expansion
of  in a power series in ω2, which generally is an asymptotic expansion in F [178]. Note that
in [178] it is shown that E (1)(t) = 0. Also, corresponding to E (n)(t), we define (n) according
to equation (97).
The general result for E (2)(t) is [178]
E (2)(t) = ω2
〈
∂χ˜ (0)(r, t)
∂τ
∣∣∣∣G′E(0)(t)(r, r′)
∣∣∣∣∂χ(0)(r′, t)∂τ
〉
, (98)
where G′E(0)(t)(r, r′) is the reduced Green function of an atom in a static electric field and
χ˜ (0)(r, t) is the ‘dual’ function, χ˜ (0)(r, t) = χ(0) ∗(r,−t; −ξ), which is necessary to provide
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Figure 32. Dependence on F and l of the real (a) and imaginary (b) parts of the ratio (2)/(0) for
ω = 1. Full curve: l = 0. Long broken curve: l = 0.5. Chain curve: l = 0.7. Short broken curve:
l = 0.9.
a proper normalization of the quasistationary (resonance) state χ(0)(r, t), see (19). In the
δ-model potential (see the review [29] for details), E (0)(t) at any fixed t can be obtained as the
root of the transcendental equation:
1 + πF1/3 J (ξ) = 0, (99)
where ξ = −E (0)(t)F−2/3, F ≡ |F (ωt)| = F√(1 + l cos 2ωt)/2, and J (ξ) is a combination
of regular (Ai) and irregular (Bi) Airy functions and their derivatives:
J (ξ) = Ai′(ξ)Bi′(ξ) − ξAi(ξ)Bi(ξ) + i[Ai′2(ξ) − ξAi2(ξ)].
Using the explicit forms of χ0(r, t) and G′E(0)(t)(r, r′), the matrix element in (98) can be
calculated analytically in terms of Airy functions and their derivatives [170]. The general
result simplifies for the case of a circularly polarized laser field (l = 0). In this case E(t) is
time-independent, (0)circ = E (0) and the correction (2)circ ≡ E (2) is [134, 170]

(2)
circ =
ω2
360(F/
√
2)2/3
J (5)(ξ0)
J (1)(ξ0)
, (100)
where ξ0 = (0)circ(F/
√
2)−2/3 and J (n)(x) = dn J (x)/dxn. In the weak field limit (F  1),
neglecting exponentially small (tunnelling) terms, the following result for  = (0) + (2) for
an elliptic polarization is valid [170]:
 = −1 − F
2
32
{
1 +
3F2
4
(
1 +
l2
2
)
+
7
24
ω2
[
1 +
13
2
F2
(
1 +
25
28
l2
)]}
. (101)
This result coincides exactly with the first two terms in the ω expansion of the PT result (B.14)
for  taking into account the explicit forms (B.15) and (B.16) for the dynamic polarizability
and hyperpolarizability. Thus, for weak fields, the ‘zero approximation’,   (0), is valid only
in the low frequency limit, ω  1. The asymptotic analysis of (2)circ shows that, in ultrastrong
fields, F  1, the ratio of (2)circ to (0)circ is of order (ω/F5/3)2 [134]. Thus the correction (2)circ
is negligibly small at any (finite) frequency. To establish the accuracy of the term (0) in the
strong field regime for an arbitrary polarization, in figure 32 we present numerical results for
real and imaginary parts of the ratio of (2) to (0) for a number of values of l at fixed ω = 1.
(Obviously, for other ω the results scale as ω2.) One observes that, with increasing F , the
two-term approximation, (0) + (2) (which we call the adiabatic approximation (AA) result),
is applicable over a wide interval of ω, including the above-threshold region, ω > 1.
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Figure 33. F dependence of the real (a) and imaginary (b) parts of the complex quasienergy for
ω = 0.36 and l = 1. Full curve: the exact QQES result. Broken curve: the AA result.
-1.1
-1.08
-1.06
-1.04
-1.02
-1
0 1 2 3 4 5 6 -1.16
-1.12
-1.08
-1.04
-1
-0.96
-0.92
0 1 2 3 4 5 6
Figure 34. F dependence of Re  for ω = 1.5: (a) l = 0 and (b) l = 1. Full curve: the exact
QQES result. Broken curve: the AA result.
6.3. Comparisons with numerical results
To check both the relation between the AA results and exact numerical results for  and also
the applicability of the δ-potential model for real negative ions in a strong laser field, in table 4
we compare our numerical (QQES) and approximate (AA) results for the detachment of H−
by linearly polarized CO2 laser radiation (for which ω = 0.155) with existing theoretical
predictions [97, 123, 124, 128]. As noted below equation (9), our scaled unit of intensity for
H− is I0 = 1.498 × 1012 W cm−2. The comparisons in table 4 show the excellent agreement
of our exact QQES results with more refined (and time-consuming) calculations and also the
high accuracy of the AA results for nonperturbative intensities I  5 × 1010 W cm−2, when
γ  1.
Comparisons of QQE S and AA as functions of F are presented in figure 33 for ω < 1
and in figures 34 and 35 for ω > 1. The AA and QQES results for l = 0 and ω < 1 are
almost indistinguishable: for ω = 0.36 and F > 0.3 the difference between QQE S and
AA is less than 3%; for ω = 0.56 and F > 0.4 it is less than 2%; and for ω = 0.77 and
F > 0.5 the difference is less than 4%. Generally, the AA results describe accurately the
trends of the position and the width of a quasistationary level but fail to describe the threshold-
related peculiarities, which are lost by using the ω2 expansion for the iterative solution of
equation (96). These peculiarities are most pronounced for the case of linear polarization
and they are exhibited at the points of non-analyticity of the function (F), which correspond
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Figure 35. F dependence of 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Table 4. Detachment rates for H− in the field of a CO2 laser having linear polarization.
Detachment ratesa (au)
Intensitya
(W cm−2) [97] [124] [128] [123] AA QQES
1.0(10) 0.97(−9) 0.91(−9) (1.04 ± 0.12)(−9) 0.32(−9) 0.97(−9)
1.12(10) 2.7(−9)b (2.04 ± 0.11)(−9) 0.73(−9) 2.28(−9)
2.1(−9)c
2.52(10) 1.4(−7)b (1.12 ± 0.08)(−7) 0.88(−7) 1.14(−7)
1.0(−7)c
5.0(10) 1.67(−6) 1.76(−6) (1.81 ± 0.06)(−6) 1.64(−6) 1.79(−6)
1.0(11) 1.61(−5) 1.61(−5) (1.68 ± 0.03)(−5) 1.62(−5) 1.66(−5)
1.6(11) (5.91 ± 0.02)(−5) 5.74(−5) 6.12(−5)
2.0(11) (9.97 ± 0.01)(−5) 9.75(−5) 9.87(−5)
a (n) ≡ 10n .
b Floquet calculations with a parametrized one-electron potential.
c Faisal–Reiss formulae with a Hylleraas ground-state wavefunction.
to the closure of partial ATD channels with increasing F (at F = F (n)th ). As we discussed
above, these points are branch points of the type ( + u p + nω)k+1/2 and as F increases (and
Im  becomes important) they are shifted to the complex F plane. Thus, in strong fields the
peculiarities of (F) on the real F axis become more smooth. As figures 33–35 demonstrate,
in the strong-field limit, the behaviour of the exact results for (F) (when averaged over the
threshold peculiarities) show surprisingly close coincidence with the AA results, even in the
high frequency domain, ω > 1. Moreover, over a wide interval of F the F dependence of 
(averaged over threshold peculiarities) is close to linear, which is similar to the ‘intermediate’
asymptotic result (94) found for H(1s) in the low frequency limit. For instance, at ω = ωCO2
(see table 4), the parameters for this linear dependence are Fcr = 0.86 and k = 0.12 for
l = 1, and results obtained from formula (94) are in reasonable agreement with the exact ones
beginning from F > 1.5 (or for I > 2.25 × 1012 W cm−2 for H−). Unlike the adiabatic
case (ω  1), for a finite frequency the interval of applicability of the asymptotic form (94)
depends on ω: as ω increases, the result (94) becomes applicable at stronger fields. Namely,
for ω = 1.5 (when the parameters k and Fcr in (94) are Fcr = 0.84, k = 0.13 for l = 0, and
Fcr = 0.89, k = 0.1165 for l = 1) the linear in F regime is realized with an accuracy of about
5% over the interval 2.5 < F < 10.
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The results presented in this section justify the conceptual statement, namely that the
decay of a weakly bound atomic system in a strong laser field F (ωt) with any frequency and
polarization state may be described by cycle-averaging the results for an instantaneous static
electric field of strength |F (ωt)|.
7. Summary and conclusions
Even for long (monochromatic) laser pulses with a shaped focus, the output of a laser–
atom interaction depends on many parameters, e.g. for multiphoton detachment there are the
frequency, intensity and polarization state of a laser as well as the momentum direction of the
escaping electron. Since time-consuming, completely numerical ab initio calculations may
be performed only for limited sets of such control parameters, simple, analytically solvable
models that cover the entire parameter space are particularly useful for determining the best way
to control laser–atom processes. For strong laser–atom problems (where ionization strongly
affects the features of any laser–atom process), the most important requirement for such models
is the existence of both discrete and continuum spectra for the model system in the absence of the
laser field. One of the most basic models for laser–atom physics was suggested by Keldysh,
namely a single-electron bound state that does not interact with a free-electron continuum
(which evolves to a ‘Volkov continuum’ for nonzero laser field). Thus, in the KA, the coupling
between bound and continuum states is provided only by the initial laser excitation of the
electron out of the bound state (to which it never returns). It is somewhat surprising that
this simplest model allows one to predict qualitative features for a number of laser–atom
effects. The major deficiency of the KA is its complete neglect of coupling between bound
and continuum states, i.e. of atomic dynamics, since these states are eigenstates of different
Hamiltonians.
In this paper we have reviewed (and extended) existing results for a next-level model
(compared to the Keldysh one), i.e. the zero-range (or δ-function) potential model system.
In the absence of the laser field, this model again involves only a single-electron bound
state; however, this state is ‘minimally’ related to the three-dimensional continuum through
the S-wave scattering phase. Nevertheless, for a nonzero laser field, even this ‘minimal
coupling’ allows an accurate, self-consistent account for some major corrections to the Keldysh
model, as it includes ‘multiple interactions’ of the escaping (or quasibound) electron with the
binding potential. The (single) bound and continuum states of the δ-model potential form a
complete set of eigenfunctions of the unperturbed Hamiltonian,as required for a self-consistent
dynamical model. Owing to the fact that a zero-range potential acts only at r = 0, and thus
amounts to a boundary condition on the wavefunction of the system, this model provides the
possibility for an accurate quantum treatment of strong laser and binding potential effects
on an equal footing. In this review, we have solved this model problem using the QQES
approach.
We have formulated the basic results of the QQES approach for a δ-model potential and
presented general equations for the multiphoton detachment amplitude in sections 2.3–2.5
and appendices A–C. In particular, we have analysed the key ingredients of this approach,
the Fourier coefficients of the QQES wavefunction at the origin, which provide information
on binding potential effects in the presence of a laser field. These results may be useful in
different applications of this model to describe the behaviour of a shallow bound level subjected
to a strong monochromatic perturbation. In this review they have been used in our general
analysis of ADs and photon polarization effects in multiphoton detachment of a weakly bound
electron. Based on analytical results for n-photon ADs of detached electrons obtained both
in BW (i.e. using the exact complex quasienergy) and RS versions of PT expansions, the
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ellipticity dependence of ADs and ED effects have been analysed in detail and illustrative
examples were presented for photon numbers up to n = 8. For the nonperturbative regime,
numerical results were presented which show the strong field modifications of ADs and dichroic
effects. These modifications are most important near the closure of open photodetachment
channels.
We have also performed a detailed analysis of the case when the laser frequency exceeds the
electron binding energy |E0|, which is important for the description of negative ions in optical
and VUV laser fields. In applying our results to multiphoton detachment of H−, satisfactory
agreement with existing experiments as well as with more sophisticated calculations that
include correlation effects has been found both in the perturbative and in the nonperturbative
regimes. A most interesting feature shown in our general analysis is the existence of a
stabilization-like behaviour of the total rate  with increasing F up to the closure of the one-
photon photodetachment channel at F = F (1)th . A general analysis for the F dependence of the
complex quasienergy  and the total rate  in the superstrong field limit (when a number of the
lowest ATD channels are closed) shows that the exact results for  are fairly well approximated
by the cycle-averaged complex energy of the quasistationary state in an instantaneous static
electric field of strength |F (ωt)|. Furthermore, in the superstrong field regime, F  ω, this
result is valid not only for ω  1 (as may be expected from adiabaticity arguments) but also for
any ω, including the ‘post-stabilization’ regime F  F (1)th for ω > 1. Of course, our proof of
this conceptual result is valid only for a short-range potential; its verification for Coulomb-like
potentials remains a challenging problem.
Finally, we conclude by noting the efficacy of using the QQES approach for a δ-model
potential to provide a qualitative description of recently observed strong laser field effects in
real atoms, namely the plateau structures and threshold phenomena in both ATI and HHG
processes. For example, an approximate account of binding potential effects (equivalent
to the use of approximation (B.32) for the coefficients fn) has permitted the estimation of
the cut-off energy, ∼10Up, of the ATI plateau [133] (see also [179]). Also, a resonance-
like enhancement of ATI peak intensities has been discovered experimentally [180, 181]
and confirmed by direct numerical integration of the TDSE [182]. Most recently, the role
of channel closings, i.e. threshold effects, have been identified as important for describing
the observed enhancement of ATI peaks [183]. The improved KA [133] reproduces the
resonant-like behaviour of peaks along the high energy plateau near multiphoton channel
closings [183, 184] (see also the quasiclassical analysis in [185]). A rigorous analytical and
numerical analysis employing the exact QQES results (36) and (38) [135] has shown that
the enhancements mentioned above have a purely quantum origin that stems from well-known
threshold phenomena (TAs) in multichannel problems (see, e.g., [142, 148, 186, 187]). Similar
TAs in the region of the HHG plateau have been shown to induce significant enhancements of
the HHG spectrum, as discussed in [136]. Based upon these past successes, we conclude that
the application of this model to the description of laser–atom and laser–negative ion processes
holds great promise for elucidating known phenomena and for predicting new phenomena (see,
e.g., [137]). In particular, the plateau structures and threshold phenomena predicted by our
simple short-range potential model may be expected to be observable in negative ions as well,
using strong infrared laser radiation.
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Appendix A. Normalization of the QQES wavefunction for a δ-model potential
For the δ-model potential, the definition of the dual function in (19) is equivalent to the following
alternative definition (cf (21)):
˜(r, t) = −4π
∫ 0
−∞
ei
∗τ G(−)(r, t, 0, t − τ ) f˜ (t − τ ) dτ, (A.1)
where G(−)(r, t, 0, t − τ ) is the advanced Green function (14) and the integral over τ is
considered as analytically continued from the lower half-plane of complex . Taking into
account (23) and integrating over r and t , the relation (18) gives
2
√
π i
∑
n,k
in−k φ˜∗nφk
∫ ∞
0
dτ
τ 1/2
exp[−i((E − nω − kω)τ − z(τ ))]Jk−n(z(τ )) = 1, (A.2)
where the integral over τ is calculated by differentiating M0,k(E) in (29) with respect to E .
As a result, the normalization condition (18) may be expressed in terms of the same matrix
elements that enter the basic equations (27) and (28) for φn and :
4π
∞∑
n,k=−∞
φ˜∗nφk
∂
∂E
[√E − 2nω δn,k − Mn,k(E)]∣∣E=E = 1. (A.3)
In fact, for the case considered, the normalization procedure serves to define the coefficient
φ0, since φn =0 can be expressed in terms of φ0 by means of the homogeneous equations (27).
Thus, the identity (A.3) may be considered as an equation for the product φ˜∗0φ0. The symmetry
properties for the coefficients φn and φ˜n may be deduced from the following considerations: the
matrix elements (29) are independent of the sign of ξ , and the relation (A.3) is an even function
of ω. Also, the system of linear equations for φ˜∗n , is similar to (27) (with complex-conjugated
matrix elements). Thus, one determines that
φn(ω, F) = φ˜∗n (ω, F), φn(ω, F) = φ˜∗−n(−ω, F). (A.4)
Since the phases of the coefficients φ0 and φ˜∗0 are not important, we can set φ˜∗0 = φ0, and
thus φ˜∗0φ0 = φ02. Note that the normalization factor for the QQES has an especially simple
and transparent form for the case of circular polarization (l = 0), when only the coefficient
φ0 = f0 is nonzero:
4πφ20
∂
∂E
[√E − Mcirc(E)]|E=E = 1. (A.5)
Mcirc(E) is the matrix element M0,0(E) with l = 0, which enters a transcendental equation
for the quasienergy in this case [131] (see also the discussion of (B.6) below):√
E − Mcirc(E) = 1. (A.6)
Appendix B. Perturbative and strong field results for the coefficients φn and fn
The formal procedures for the correct numerical evaluation of the complex quasienergy and
the Fourier coefficients of the QQES wavefunction at the origin (r → 0) are described in
section 2.3. An exact numerical solution of the eigenvalue problem for  and φn in (28)
and (27) is a formidable task. Below, in sections B.3 and B.4 we present some details of such
calculations and examples of exact numerical results for the coefficients φn and fn as well as
analytical approximations for fn in the strong field regime. Simple analytical expressions may
be derived in the PT approach (including higher-order corrections to the LOPT result). We
present below these perturbative expansions in two forms:
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(i) in terms of the BW PT expansion, which involves the exact quasienergy , i.e. assuming
the complex parameter E = u p −  is exactly known;
(ii) in terms of the standard RS PT expansion, which involves the real, zero-order quasienergy
0 = E0, i.e. E = −E0 = 1. Of course, the BW results are more accurate than the RS
results, especially for frequencies near thresholds. Using the PT expansion for , the BW
results may be easily transformed to the standard RS form.
B.1. Brillouin–Wigner expansions
To obtain the power expansion (in F2) for the coefficients φn in (27), we use the expansion
of the matrix elements M0k(E) in (29) in an absolutely convergent series in u p [127]. This
expansion may be written as
M0k(E) = (−l)
k
2kk!
∞∑
n=δk,0
1
n!
(
F2
ω4
)(n+k)
2 F1
(
−n
2
,
1 − n
2
; k + 1; l2
)
Dn+k(E − kω), (B.1)
where 2 F1 is the hypergeometric polynomial of l2 having the same order, m, for both n = 2m
and n = 2m + 1. The important function D in (B.1) is defined by
Dn(E − pω) = (2n)!!2n + 1
n∑
m=−n
(−1)(m+1) (E − pω + mω)
n+ 12
(n + m)!(n − m)! . (B.2)
In accordance with the boundary conditions for the QQES wavefunctions, the square root,√
E − kω, is defined as
Re
√
E − kω > 0, for k < Re E/ω,
Im
√
E − kω < 0, for k > Re E/ω. (B.3)
Note that for small ω the function Dn(E − pω) vanishes as ∼ω2n :
lim
ω→0
Dn(E − pω)  (|2n − 3|)!!
√
E
(
ω2
4E
)n
.
We present below results for M0,k(E) up to terms of orders F2 and F4. Only the following
matrix elements are nonzero for this case:
M0,0(E) = F
2
ω4
[
D1(E) +
F2
2ω4
(
1 +
l2
2
)
D2(E)
]
,
M0,1(E) = − l2
F2
ω4
[
D1(E − ω) + F
2
ω4
D2(E − ω)
]
,
M0,2(E) = l
2 F4
8ω8
D2(E − 2ω).
(B.4)
The above equations allow us obtain the ‘BW’ results for the coefficients φ±k with an
accuracy up to ∼F4:
φ1 = − l2
F2
ω4
φ0√
E − 2ω − 1
[
D1(E − ω) + F
2
ω4
(
D2(E − ω) + D1(E − ω)D1(E − 2ω)√
E − 2ω − 1
)]
,
φ2 = l
2
8
(
F2
ω4
)2
φ0√
E − 4ω − 1
[
D2(E − 2ω) + 2D1(E − 3ω)D1(E − ω)√
E − 2ω − 1
]
. (B.5)
The coefficients φn with negative indices are given by φ−n(ω) = φn(−ω).
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The result for the normalization factor φ20 up to terms ∼F4 and involving the exact E can
be obtained from (A.3), taking into account the above BW expansions for M0,k(E) and φn :
φ20 =
[
4π
∂F(E, ω, F)
∂E
]−1
, (B.6)
where the result for F(E, ω, F) is
F(E, ω, F) = √E − F
2
ω4
D1(E)
− 1
4
(
F2
ω4
)2[
(2 + l2)D2(E) + l2
{ D21(E + ω)√
E + 2ω − 1 +
D21(E − ω)√
E − 2ω − 1
}]
. (B.7)
Taking into account only the term ∼F2, one obtains for φ20
φ20 =
√
E
2π
[
1 +
F2
ω4
(√
E(E + ω) +
√
E(E − ω) − 2E
)]
. (B.8)
It is an interesting fact that the equation,
F(E, ω, F) = 1, (B.9)
coincides with the transcendental equation for  (or for E), which follows from the
expansion (31), taking into account only terms up to ∼F4 on the rhs of (31). Straightforward
calculations show that the results in (B.6) and (B.9) for a general elliptic polarization
are valid to an arbitrary order F2n (taking into account, of course, terms ∼F2n in the
expression for F(E, ω, F)), which is equivalent to the result in (A.5) and (A.6) for the case
of circular polarization. Generally speaking, calculating the parameter E = E(F) as the
(nonperturbative) solution of the transcendental equation (B.9) with the boundary condition
E → 1 as F → 0, we obtain a complicated,non-polynomial dependence of the BW expansions
for φn and φ20 on the field amplitude F . Thus these results are much more accurate than standard
(polynomial in F) RS expansions.
B.2. Rayleigh–Schro¨dinger results
In the LOPT, the coefficients φ±k with k > 0 are proportional to F2k and φ0  N = 1/
√
2π
(see (9)). The perturbative solution of equation (27) in the LOPT gives a simple result for φ±k
for any k:
φ±k = 1√
2π
(
l F2
ω4
)k
χk(±ω), (B.10)
where χk(ω) is determined by the recurrence relation
χk(ω) = − i1 + i√2kω − 1
k∑
j=1
ϕ j,k(ω)χk− j (ω), (B.11)
with the initial value χ0 = 1. The function ϕ j,k(ω) in (B.11) is given by
ϕ j,k(ω) = 1
(2 j + 1)!
2 j∑
m=0
(−1)m+ j Cm2 j [(2k − m)ω − 1] j+
1
2 , (B.12)
where Cmn is a binomial coefficient. ϕ j,k is simply related to the function D in (B.2):
ϕ j,k(ω) = i (−1)
j
(2 j)!!D j (1 − (2k − j)ω). (B.13)
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To obtain higher-order corrections to the LOPT result (B.10), the RS expansion of the
quasienergy  is necessary. Taking into account only the corrections ∼F2 and F4,  may
be written in terms of the (polarization-independent) dynamic polarizability, α(ω), and the
hyperpolarizability, γ4(ω; l), which depends on both the frequency and the polarization state
of a laser field:
 = −1 − α(ω)
4
F2 − γ4(ω; l)
24
F4, (B.14)
where the iterative in F solution of equation (B.9) using F(E, ω, F) in (B.7) gives expressions
for the polarizability and hyperpolarizability in terms of D1(1) and D2(1) functions. Taking
into account the explicit form of these functions, final results coincide with those obtained
previously in [81] by direct perturbative calculations (see also [188] on an alternative way to
calculate α(ω)):
α(ω) = − 2
ω2
+
8
3ω4
[(ω + 1)3/2 − 2 + i(ω − 1)3/2], (B.15)
γ4(ω; l) = 815ω8 [( fξ (ω) + fξ (−ω))ξ
2 + ( fl(ω) + fl(−ω))l2], (B.16)
where the functions fξ (ω) and fl(ω) are defined by
fξ (ω) = 45ω2 + 96 + 5i(ω2 − 1)1/2(ω2 − 7)
− 4i(ω − 1)1/2(3ω2 + 14ω − 32) + 3i(2ω − 1)5/2, (B.17)
fl(ω) = 60ω2 + 124 + 5i
√
ω2 − 1(ω2 − 7) − 1
ω
[10(ω − 1)5/2(2ω − 1)1/2 − i(2ω − 1)1/2
× (3ω3 + 12ω2 − 23ω + 10) − 2i(ω − 1)1/2(ω3 − 42ω2 + 76ω − 5)]. (B.18)
Note that we define
√−a as i√a for a > 0. The hyperpolarizability γ4(ω; l) is an important
atomic parameter and involves a complicated combination of fourth-order PT matrix elements
(see, e.g., [141]). For H−, γ4(ω; l) (for the case of linear polarization) was calculated, taking
into account electron correlations, perturbatively (in F) in [189] (in the static limit ω = 0) as
well as nonperturbatively (in F) [108, 190]. It is somewhat surprising that the simple δ-model
result in (B.16)–(B.18) is in close agreement with results of these sophisticated calculations
(see comparisons in [191], where the δ-model result for the dynamical hyperpolarizability of
H− in the presence of a strong static electric field is also presented).
To calculate the F-dependent RS corrections to the normalization parameter, φ0 =
1/
√
2π + φ0(1) + · · ·, the relations (B.6) and (B.7) may be used, taking into account the
expansion (B.14) for the quasienergy. One obtains for the lowest order in F correction:
φ0
(1) = 1√
2π
F2
2ω4
{√
ω + 1 − 2 − i√ω − 1 + 1
3
[(ω + 1)3/2 − 2 + i(ω − 1)3/2]
}
. (B.19)
Note that the normalization factor for the QQES solution is unconventional because it is
complex; see (A.3) or (B.6) (in LOPT the complexity appears only for above-threshold
frequencies, ω > 1). Nevertheless, this complexity is not surprising in the theory of
quasistationary states for radiationless problems (see, e.g., [192]); it originates from an analytic
continuation of the standard normalization convention to the case of the QQES.
B.2.1. Analytical properties of φ±k(ω) and threshold phenomena. We discuss now in more
detail the analytical structures of the coefficients φ±k , which are essential for the analysis of
ADs. For clarity, we present here an explicit RS form of the coefficients φ1 and φ2, which
enter the LOPT result for the ADs for n  5:
φ1 = l F
2
√
2π6ω4
g1(ω), φ2 = l
2 F4√
2π36ω8
g2(ω), (B.20)
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where
g1(ω) ≡ 3χ1(ω) = i(2ω − 1)
3/2 − 2i(ω − 1)3/2 + 1
1 + i
√
2ω − 1 ,
g2(ω) ≡ 9χ2(ω) = ig1(ω)
[
(4ω − 1)3/2 − 2(3ω − 1)3/2 + (2ω − 1)3/2
1 + i
√
4ω − 1
]
− 3
10
i(4ω − 1)5/2 − 4i(3ω − 1)5/2 + 6i(2ω − 1)5/2 − 4i(ω − 1)5/2 − 1
1 + i
√
4ω − 1 .
Most important is the complexity of φk , whose imaginary part, Im φk , is different in each
frequency interval 1/p < ω < 1/(p − 1), for p = 1, 2, . . .. This fact becomes rather clear by
introducing the ‘phase function’, δ0(E), of E (which is in general complex) as follows:
eiδ0(E) = 1 − i
√
E√
1 + E
. (B.21)
For positive E , δ0(E) is the well-known phase shift of the continuum S-state for a short-
range potential. (Other scattering phases, δL(E), are zero in the δ-model potential.) Thus
eiδ0(E) = cos δ0(E) + i sin δ0(E). On the contrary, for negative arguments, E = −E ′, in the
interval −1 < E  0 the exponential (B.21) is real:
e±iδ0(−E
′) = 1 ∓
√
E ′√
1 − E ′ . (B.22)
Thus, equation (B.21) gives an analytical continuation of the scattering phase to the region of
negative E . Note that at E = E0 = −1 we obtain the well-known result, cot δ0(E0) = i ,
which determines the poles of the S matrix at the bound state energies. A detailed analysis
shows that φ±k in any PT order may be presented as a combination of exponentials (having
the form (B.21), with different E = pω ∓ 1, where p is an integer) and regular functions of ω
(having the form (mω ∓ 1)n, where m and n are integers). For instance, the functions g1 and
g2 in (B.20) may be re-written in terms of δ0 as follows:
g1(ω) = 2ω − 1 −
√
2(ω − 1)ei[δ0(2ω−1)−δ0(ω−1)], (B.23)
g2(ω) = g1(ω)
[
4ω − 1 − eiδ0(4ω−1)
(√
3(3ω − 1)e−iδ0(3ω−1) + 1√
2
(2ω − 1)e−iδ0(2ω−1)
)]
+
3
5
eiδ0(4ω−1)
[√
3(3ω − 1)2e−iδ0(3ω−1) − 3√
2
(2ω − 1)2e−iδ0(2ω−1)
+ (ω − 1)2e−iδ0(ω−1)
]
− 3
10
(4ω − 1)2. (B.24)
These equations (together with (B.20)) demonstrate that φk is complex entirely because of the
scattering phases: a new phase (say, δ0(2mω − 1) with m < k) contributes to φk when the
frequency ω increases from ω < 1/2m to ω > 1/2m and, thus, a new detachment channel
(with the absorption of two additional photons) is opened. For instance, the function g1(ω) is
real for ω < 1/2; for 1/2 < ω < 1, g1(ω) is complex because of the phase δ0(2ω − 1); and
for ω > 1 an additional contribution to the imaginary part of g1 appears because of the phase
δ0(ω − 1). Similarly, g2(ω) is real only for ω < 1/4. Therefore, the entire set of coefficients
φ±k is real if the phases φk are neglected, i.e. if the interactions of the escaping electron with
the parent atom in the final state as well as in intermediate states (i.e. after absorption of m < k
photons) are neglected. Note that the phase dependence (and the complexity) of the coefficients
φk may be established also by direct PT calculations of Fourier harmonics of the S-wave part
of the QQES wavefunction (r, t) (which is given at r → 0 in terms of the coefficients
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φ±k), using the known Green function for an electron in a δ-model potential. However, such
a calculation is much more tedious than the PT expansions of the exact results presented in
section 2.
The general features of the frequency dependence of the φk coefficients discussed above
provide an instructive illustration of the so-called threshold phenomena that are predicted by
the general theory of multichannel reactions involving a short-range binding potential (see,
e.g., [186]). For this kind of potential, in a classic paper [70] Wigner showed that the branch-
point singularity of the reaction amplitude at the threshold energy (E = 0) of a given breakup
channel having an orbital angular momentum L causes a universal threshold behaviour of the
corresponding breakup cross section:
σL ∝ E L+1/2, (B.25)
above the opening of this channel. Extending Wigner’s analysis, Baz’ [187] showed that
generally in a multichannel problem the branch-point non-analyticity of the multichannel
amplitude at the mth-channel threshold, Em = 0, causes a particular, non-analytic behaviour,
or TA, in the partial cross sections of all other open channels, in general. These TAs are well
known and described in textbooks (see, e.g., [148] and section 147 in [142]). Laser detachment
of a negative ion provides a good example of a multichannel problem where TA effects can
have a great influence on partial cross sections at the opening or closure of a multiphoton
detachment channel owing to a variation of either the laser frequency or intensity. (In the
latter case, the closure originates from ponderomotive shift effects.) In the QQES problem
for a zero-range potential (in which case only the S-wave scattering phases δ0(E) provide the
interchannel couplings), all the non-analyticities are concentrated exclusively in the S-wave
part of the QQES solution, i.e. in the coefficients φk , as is obvious from equations (21) and (23).
The threshold branch-point singularities of φk are evident from the explicit form (B.1) for the
matrix elements M0k , which enter the exact equation (27) satisfied by φk . Of course, for an
arbitrary F , the position of the branch point for the mth threshold:
mω − E ≡ mω +  − u p = 0, (B.26)
is shifted to the complex plane of F and ω. However, in the RS PT approach, the TAs occur
at real frequencies, mω − 1 = 0, and cause the specific frequency dependence of the φk
coefficients discussed above.
B.3. Exact strong field results
In the strongly nonperturbative regime, the use of the expansion (B.1) for numerical calculations
of the matrix elements M0k(E) becomes ineffective because of the slow convergence of the
series in (F/ω2)2 for ω < 1. Moreover, as discussed below, for strong F the direct numerical
calculation of the coefficients fn using the matrix elements M˜nn′(E) is preferable to use of the
relation (24) for their calculation in terms of φn. Note that the integral (29) (as well as the similar
integral for M˜nn′(E)) is formally divergent for τ → ∞ because of the negative imaginary part
of the quasienergy  (see the above discussion of equation (13)). The numerical calculation of
such integrals is possible by using the following analytic continuation procedure [134]:∫ ∞
0
dτ
τ 1/2
e−iατ f (τ ) =
∫ ∞
0
dτ
τ 1/2
e−iατ
∫ ∞
−∞
dτ ′δ(τ ′ − τ ) f (τ ′)
=
∫ ∞
−∞
dτ ′
∫ ∞
0
dτ
τ 1/2
e−iατ
∫ ∞
−∞
dk
2π
eik(τ
′−τ) f (τ ′)
= 1√
4π i
∫ ∞
−∞
dk√
α + k
∫ ∞
−∞
dτeikτ f (τ ). (B.27)
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Figure B.1. n dependence of the Fourier coefficients fn for linear laser polarization. (a) Exact
values of | fn/ f0| for different F and ω = 0.155. Full squares: F = 0.1; full circles: F = 0.2;
triangles: F = 0.3; empty circles: F = 0.4. Arrows mark the cut-offs in units of the energy
(see (B.29)). Full curves serve to guide the eye. (b) Exact values of | fn/ f0| for different ω and
F = 0.4. Full squares: ω = 0.138; empty squares: ω = 0.178; full circles: ω = 0.218; empty
circles: ω = 0.298; full triangles: ω = 0.458.
The above formula involves a Fourier transform (that can be calculated very efficiently using
a Fast Fourier Transform algorithm) followed by a second integration, which can also be
performed numerically with high accuracy. The finite system of equations, obtained from (27)
(or from a similar system for fn) after truncating the ranges of n and n′ to an appropriate finite
number of values, can then be solved numerically. One obtains thereby the eigenvalues  as
well as the Fourier coefficients φn (or fn) of the QQES state at the origin. Note that Mur et al
[193] suggest using the Zel’dovich regularization for singular integrals like the first one in
equation (B.27), i.e. introducing a regularization factor exp(−στ 2) with σ → + 0 [148, 194].
They demonstrate a reasonable convergence (with decreasing σ ) of this method in calculations
of  for a circularly polarized field (where only one matrix element, M00, is necessary).
However, the applicability of this regularization method for the cases of linear or elliptic
polarization is questionable since in these cases a large number of matrix elements Mnn′ (29)
calculated with high precision are necessary for the solution of the determinantal equation (28).
In addition, as shown in [193], the proposed method of regularization in [193] is inapplicable
for calculations of ‘near-threshold’ matrix elements, when Im  is of the order of (or larger
than) | Re  + kω|.
In figure B.1 we present the dependence of the exactly calculated coefficients fn as
functions of F (in figure B.1(a)) and ω (in figure B.1(b)) in the nonperturbative regime. Recall
that, in the KA limit, f K An = δn0/
√
2π . As we have noted after equation (B.19), in general
the normalization factor of a QQES wavefunction (i.e. φ0 or f0) is complex. However, the
magnitude of the imaginary part of f0 is very small for the values F and ω considered in
figure B.1 and, actually, it has the same magnitude as the imaginary part of the quasienergy:
∼(10−4 −10−3). Moreover, the modulus of the normalization factor f0 for this case is close to
the zero-field value 1/
√
2π , decreasing only by about 2% at F ≈ 0.5. With increasing F , the
negative-n and a few of the lowest positive-n coefficients exhibit typical (smoothly decreasing)
perturbative behaviour. However, even for weak intensities (e.g. for I = F2 = 10−2 in
figure B.1(a)), the plateau signature characterizing the dependence of f n on n appears starting at
some n ≈ nth , and a well-developed plateau structure is formed in the strongly nonperturbative
regime, γ < 1, having a cut-off at some n ≈ nc.
To explain the behaviour of the coefficients fn described above and to estimate nth and
nc, we emphasize that the coefficients fn =0 vanish in the KA limit and that these coefficients
R116 Topical Review
originate from the simultaneous interaction of the electron with both the laser field and the
binding potential. Concerning the onset of the plateau, we note that (in weak fields) the PT
result for fn may be presented as: fn = cn(ω)F2|n| (cf the similar results (B.10)–(B.12) for
the φn coefficients). Thus, for fixed F and ω, the breakdown of a smooth decrease of fn
with increasing n, fn ∼ F2|n|, originates only from the appearance of an irregularity (non-
analyticity) in the behaviour of the factor cn(ω) starting from n = nth . One may observe the
effects of this singularity in figure B.1(a), where the F = 0.1 curve shows a sudden rise above
n = 3 and where the F = 0.2 curve shows a similar rise, again above n = 3. Note that, with
increasing F , the location of these singularities does not necessarily occur at integer values
of n, so that not every curve in figure B.1(a) shows the singularity clearly. Nevertheless, the
calculations with smaller steps in F (as in figure B.1(a)) show that the position of nth is largely
intensity-independent up to high values of F , i.e. it has a PT origin. In the PT limit, the value
of nth may be estimated owing to the analytical structure of the perturbative results for the
coefficients fn that involve characteristic branch-point terms
√
pω + 1 with p = ±1, . . . ,±2n
(see (B.10)–(B.12) and the explicit expressions (B.20) for the φn coefficients having n = ±1
and ±2). It is clear that, at fixed ω, the first irregularity in the dependence of fn on n with
increasing n should appear for n = nth , which is defined by (1 − 2nthω)  0, i.e. 2nth is
simply the lowest even (open) Up-unshifted photodetachment channel for a given value of ω.
Thus, one obtains the following estimate for nth :
2nthω ≈ 1 (or E0 + 2nthh¯ω  0 in absolute units). (B.28)
This estimate is in good agreement with numerical values of nth , both for different F (in
figure B.1(a)) and ω (in figure B.1(b)) and shows that in a rigorous treatment the onset of the
plateau feature in the spectrum of fn originates from purely quantum (zero-field threshold)
effects. In contrast, the position of the cut-offs in the spectra for fn in figure B.1 may be
explained using classical considerations in terms of rescattering effects. Indeed, the coefficients
fn are proportional to the amplitudes for the electron (having the energy EN = Re  + 2nω)
at the origin (see (20) and (23)). The number N = 2n is even since the probability density at
the origin is determined by the S-wave component of (r, t), i.e. in view of electric dipole
selection rules, the electron can return to the parent atom only after absorption or emission of
an even number of photons, when the S-wave component of angular momentum is nonzero
(see the discussion above equation (23)). Figure B.1 shows that only electrons with positive
energies up to E2nc = Re  + 2ncω have a significant probability density to be at the origin.
To estimate nc, it is reasonable to equate E2nc with the maximum energy of the ‘rescattered’
electrons at the origin, which is well known from numerical quantum calculations [195] as
well as from a simple classical analysis [132]: Ec ≈ 3.17Up. Thus, we obtain the following
estimation for nc:
2ncω ≈ 1 + 3.17u p, (B.29)
which agrees very well with our numerical results for nc in figure B.1 for strong F and/or
small ω, i.e. for small values of the Keldysh parameter γ .
The behaviour of the φn coefficients is significantly different from that for fn . Numerical
evaluations demonstrate that, with increasing F , the coefficients φn undergo large variations
and grow rapidly with increasing |n| for both n > 0 and n < 0. For example, we present in
figure B.2 the F dependence of the normalization constant φ0 and the coefficients φn for the
particular frequency ω = 0.155 and for linear laser polarization. For circular polarization,φcirc0
coincides with f circ0 and differs only slightly from 1/
√
2π . In contrast, for linear polarization
we have a large number of contributing coefficients φn , which vanish at F = 0 but which have
increasing contributions as the intensity increases. Therefore,
√
2π |φ0| needs to be decreasing
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Figure B.2. (a) F dependence of the normalization factor φ0 for the case of linear laser polarization
(l = 1) at ω = 0.155 (full curve) and ω = 0.202 (broken curve). (b) Dependence of the ratio,
|φn/φ0|, on n (at ω = 0.155 and l = 1) for three values of the laser amplitude: F = 0.05 (dotted
curve); F = 0.20 (thick full curve); F = 0.49 (thin full curve). Squares, circles and triangles are
results of the KA (equation (44)) for F = 0.05, 0.20 and 0.49, respectively.
in order to maintain the unit normalization of (r, t). Although the imaginary part of φ0 is
very small, ∼(10−4 − 10−3), its real part reveals big variations. It is interesting that the exact
results for
√
2π Re φ0 in figure B.2(a) are in excellent agreement with those of the KA (44):
the difference between the exact and the KA results is less than 1%.
For coefficients φn with n = 0, the coincidence of the exact and the KA results takes
place only in the weak field domain, γ > 1 (see figure B.2(b) where γ = 3.1 for F = 0.05).
At γ ∼ 1 (γ = 0.775 for F = 0.2 in figure B.2(b)) the exact coefficients for positive n
start to increase above those of the KA beginning from some n. For high enough F , a two-
plateau structure for |φn/φ0| for positive n develops: the higher plateau for smaller values of
n represents the ‘Keldysh regime’; the lower (beyond KA) plateau for larger values of n is
caused by binding potential (rescattering) effects. Numerical values of the cut-off number, nc,
for the second plateau are well approximated by the same estimate (B.29) as for the coefficients
fn . Since the KA reproduces φn well, except for those n values in the second plateau domain,
the origin of the first plateau is clearly independent of the binding potential and, therefore,
can be explained in terms of the KA. The curve for F = 0.49 in figure B.2(b) and numerical
calculations for other values of F and ω show that, with reasonable accuracy, the critical value
of n, ncr , at which the non-KA plateau begins can be obtained from the relation
ncrω ≈ u p (or 2ncr h¯ω ≡ Ecr ≈ 2Up in absolute units). (B.30)
Mathematically, the value ncr corresponds to the value of the index n in
√
2πφK An = Jn(u p/2ω)
at which the oscillatory behaviour of the Bessel function Jm(x) with increasing m changes to a
decreasing behaviour (this happens for indices m much larger than the argument x , and m ∼ 2x
corresponds to the transition domain). The estimate in (B.30) for ncr agrees with the known
quasiclassical results on the size of the ‘Keldysh plateau’ in ATI processes [196]: neglecting
rescattering by the binding potential, the ‘Keldysh part’ of the ATI plateau corresponds to an
electron energy Ecr of order 2Up .
B.4. ‘Rescattering approximations’ for the coefficients fn
An exact calculation of the coefficients fn is time-consuming since it requires the preliminary
calculation of the complex quasienergy according to (28). A simple way to obtain fn
approximately in the nonperturbative regime is the iterative solution of equation (27) with the
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Figure B.3. Comparison of exact and approximate Fourier coefficients fn for the case of linear
laser polarization, ω = 0.155, and F = 0.25. Squares: exact results; triangles: approximation
I results using (B.31); circles: approximation II results using (B.32). Note that the squares and
triangles are indistinguishable on the scale of this figure.
substitution Mnn′(E) → M˜nn′(E) (where M˜n,n′(E) is defined in the text above (40)) starting
from the KA results: f K An = δn0/
√
2π , E = 1 + u p. The first iteration gives the following
approximation for fn =0:
f (1)n =
M˜n,0(1 + u p)√
1 + u p + 2nω − 1 − Mn,n(1 + u p)
f K A0 . (B.31)
We shall call this method ‘approximation I’. Obviously, approximation I is equivalent to
a perturbative (first-order) account of the binding potential (or rescattering) effects with
respect to the KA results. Figure B.3 demonstrates an unexpectedly precise agreement of
the approximation I coefficients f (1)n with the exact results.
A simplified version of approximation I (denoted approximation II) consists in replacing
the entire denominator of (B.31) by −1:
f (2)n = −M˜n,0(1 + u p) f K A0 . (B.32)
Although this approximation has no proper theoretical justification, the results of
approximations I and II are in good qualitative agreement, as may be seen in figure B.3
(although, compared to approximation I, approximation II gives a less accurate estimate for
the coefficients fn , both on the plateau and beyond the plateau). Using the approximate
analytical result (B.31) for f (1)n instead of the exact numerical Fourier coefficients of f (t − τ )
in (21) (see also (23)), we obtain an analytical expression for the QQES wavefunction. This
may be useful in different applications that take into account the first-order binding potential
corrections to the KA result (43). Similarly, the use of f (1)n or f (2)n in (37) gives the rescattering
corrections to the KA amplitude (45). Note that the final result for the differential rate (n)(n)
in (38) with  = E0 = −1, f0 → f K A0 and fn =0 → f (2)n coincides with that obtained by
Lohr et al [133] using a different approach for the generalization of the Keldysh amplitude to
account for rescattering.
Appendix C. Details of derivations for the n-photon detachment amplitude
To derive the result (36) for the amplitudeAn , we consider first the following singular integral:
g(n) (r) =
i
2n
∫ ∞
0
dτ exp[iτ + i r24τ ]
(4π iτ )3/2τ n
, n = 0, 1, 2, 3 . . . . (C.1)
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For n = 0 we have the known identity
g(0) (r) = i
∫ ∞
0
dτ
exp[i r24τ + iτ ]
(4π iτ )3/2
= e
i
√
r
4πr
, (C.2)
which in fact is equivalent to the Fourier transform of the time-dependent (retarded) Green
function for a free electron. The identity (C.2) allows us to verify the following recurrence
relation for evaluation of g(n) (r) for n > 0:
g(n) (r) = −i
r
r2
· ∂
∂r
g(n−1) (r), n = 1, 2, 3 . . . . (C.3)
The direct calculation of derivatives gives the major asymptotic term, ∼r−n−1:
g(n) (r) =
i
2n
∫ ∞
0
dτ exp[iτ + i r24τ ]
(4π iτ )3/2τ n
= e
i
√
r
4πr
(√

r
)n
+ · · · . (C.4)
The Taylor expansion of the exponential factor exp( i
ω2τ
R · F (ωt − ωτ)) in (34) leads to
the following asymptotic form of ψE (R, t) at R → ∞:
ψE (R, t)|R→∞  1√
4π i
∞∑
k=−∞
∞∑
p=0
p∑
l=0
φke
i(p−2l−2k)ωt (e · n)l(e∗ · n)p−l
l!(p − l)!
(
iRF
2ω2
)p
×
∫ ∞
0
dτ
τ p+3/2
exp
[
i
{
R2
4τ
+ (2kω + 2lω − pω − E)τ
}]
, (C.5)
where n = R/R. The integral over τ is approximated by the first term on the right of (C.4).
Finally, extracting from ψE (R, t)|R→∞ the harmonic of frequency nω, we obtain (cf (35))
lim
R→∞ ψE (R, t) =
∑
n
An
eikn R
R
e−inωt + · · · , (C.6)
where kn =
√
nω − E and the n-photon detachment amplitude is given by
An =
∞∑
k=−∞
∞∑
p=0
p∑
l=0
φkδn,2l+2k−p
(e · n)l(e∗ · n)p−l
l!(p − l)!
(
iF
ω2
kn
)p
. (C.7)
Taking into account the Kronecker symbol δi, j and replacing the summation index p by m
according to p = 2m + s, where s = n − 2[ n2 ], equation (C.7) can be presented as follows:
An = is
∞∑
k=−∞
φk
∞∑
m=m0(k)
(−1)m (e · n)
[ n2 ]+m−k+s (e∗ · n)m+k−[ n2 ]
(m + [ n2 ] − k + s)!(m + k − [ n2 ])!
(
F
ω2
kn
)2m+s
, (C.8)
where m0(k) = k − [ n2 ] − s at k  ([ n2 ] + 1) and m0(k) = [ n2 ] − k at k  [ n2 ]. Using the
following relation:
(e · n)m+[ n2 ]−k+s (e∗ · n)m+k−[ n2 ] = |e · n|2m+s
(
e · n
|e · n|
)n−2k
,
and taking into account that the sum over m in (C.8) gives the series representation for the
Bessel function Jl(x) with an integer index l:
∞∑
m=m0(k)
(−1)mz2m+s
(m + [ n2 ] − k + s)!(m + k − [ n2 ])!
= (−1)[ n2 ]−k Jn−2k(2z),
we obtain the final result (36) for An.
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